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Summary. In these lectures we start with a pedagogical introduction of the properties of open and closed
superstrings and then, using the open/closed string duality, we construct the boundary state that provides
the description of the maximally supersymmetric Dp branes in terms of the perturbative string formalism.
We then use it for deriving the corresponding supergravity solution and the Born-Infeld action and for
studying the properties of the maximally supersymmetric gauge theories living on their worldvolume. In
the last section of these lectures we extend these results to less supersymmetric and non-conformal gauge
theories by considering fractional branes of orbifolds and wrapped branes.
Lectures given at the School ”Frontiers in Number Theory, Physics and Geometry”, Les Houches,
March 2003.
21 Introduction
The discovery that superstring theories contain not only strings but also other non-perturbative
p-dimensional objects, called p branes, has been a source of major progress not only in order to
arrive at the formulation of M theory, but also for studying perturbative and non-perturbative
properties of the gauge theories living on the brane world-volume. In fact the so-called Dirichlet
branes (Dp branes) of type II theories admit two distinct descriptions. On the one hand they
are classical solutions of the low-energy string effective action and therefore may be described
in terms of closed strings. On the other hand their dynamics is determined by the degrees of
freedom of the open strings with endpoints attached to their world-volume, satisfying Dirichlet
boundary conditions along the directions transverse to the branes. Thus they may be described
in terms of open strings, as well. This twofold description of the Dp branes was at the basis of the
Maldacena conjecture [1] providing the equivalence between a closed string theory, as the type IIB
on AdS5 × S5, and N = 4 super Yang-Mills whose degrees of freedom correspond to the massless
excitations of the open strings having their endpoints attached to a D3 brane. It is also at the
basis of recent studies of the perturbative and non-perturbative properties of the gauge theories
living on less supersymmetric and non-conformal branes by means of classical solutions of the
supergravity equations of motion that we will present in the last section of this lectures.
The fact that a Dp brane admits two distinct but equivalent descriptions in the open and
closed string channel goes in the literature under the name of gauge-gravity correspondence. This
correspondence is a direct consequence of the open/closed string duality that states that the one-
loop annulus diagram of open strings can be equivalently written as a tree diagram of closed strings.
This equivalence is known since the early days of string theory and was subsequently developed
later 1. It is in fact the open/closed string duality that allows to construct the boundary state
that is the basic tool for describing the Dp branes in the framework of string theory. In these
lectures we show how both the open and closed string properties of Dp branes can be conveniently
studied using the formalism of the boundary state and how from it one can reach a non trivial
understanding of the properties of the gauge theory living on their world-volume. This will be done
first for maximally supersymmetric theories, as for instance N = 4 super Yang-Mills that lives on
a D3 brane, and will be extended in the last section to less supersymmetric and non-conformal
gauge theories 2.
The lectures are organized as follows. After a self-consistent review of the main properties of
perturbative open and closed superstring theories done in sect. 2, we present the description of
Dp branes in terms of closed strings in sect. 3 and the one in terms of open strings in sect. 4.
Sections 5 and 6 are devoted to the construction of the boundary state and to the calculation
of brane interaction by means of the one-loop annulus diagram. In sect. 7 we derive from the
boundary state the large distance behavior of the corresponding classical supergravity solution and
the Born-Infeld action and we show that the gauge theory living on the maximally supersymmetric
Dp branes is the dimensional reduction of N = 1 super Yang-Mills in ten dimensions to (p + 1)
dimensions. Finally in sect. 8 we extend this procedure to less supersymmetric and non-conformal
gauge theories by considering fractional and wrapped branes.
2 Perturbative String Theory
The action that describes the space-time propagation of a supersymmetric string in the supercon-
formal gauge is given by
S = −T
2
∫
M
dτdσ
(
ηαβ∂αX
µ∂βXµ − iψ¯µρα∂αψµ
)
, (2.1)
1 For a set of relevant references on this subject see for instance Ref. [2].
2 Recent reviews on this subject can be found in Ref.s [3, 4].
3where T is the string tension related to the Regge slope by T = (2πα′)−1, M is the world-sheet
of the string described by the coordinate ξα ≡ (τ, σ), ψ is a world-sheet Majorana spinor and the
matrices ρα provide a representation of the Clifford algebra {ρα, ρβ} = −2ηαβ in two dimensions.
The previous action is invariant under the following supersymmetry transformations
δXµ = α¯ψµ , δψµ = −iρα∂αXµα , δψ¯µ = iα¯ρα∂αXµ , (2.2)
where α is a Majorana spinor that satisfies the equation:
ρβρα∂βα = 0 (2.3)
The equation of motion and boundary conditions for the string coordinate Xµ following from the
action in Eq.(2.1) are
(∂2σ − ∂2τ )Xµ = 0 , µ = 0, ..., d− 1, (2.4)
(∂σX · δX |σ=π − ∂σX · δX |σ=0) = 0, (2.5)
where σ ∈ [0, π]. Eq.(2.5) can be satisfied either by imposing the periodicity condition
Xµ(τ, 0) = Xµ(τ, π), (2.6)
which leads to a theory of closed strings, or by requiring
∂σXµδX
µ|0,π = 0, (2.7)
separately at both σ = 0 and σ = π obtaining a theory of open strings. In the latter case Eq.(2.7)
can be satisfied in either of the two ways{
∂σXµ|0,π = 0→ Neumann boundary conditions
δXµ|0,π = 0→ Dirichlet boundary conditions. (2.8)
If the open string satisfies Neumann boundary conditions at both its endpoints (N-N boundary
conditions) the general solution of the Eq.s (2.4) and (2.5) is equal to
Xµ(τ, σ) = qµ + 2α′pµτ + i
√
2α′
∑
n6=0
(
αµn
n
e−inτ cosnσ
)
, (2.9)
where n is an integer. For D-D boundary conditions we have instead
Xµ(τ, σ) =
cµ(π − σ) + dµσ
π
−
√
2α′
∑
n6=0
(
αµn
n
e−inτ sinnσ
)
. (2.10)
One can also have mixed boundary conditions. The expression of the string coordinates in this
case can be found in Ref. [2].
For a closed string the most general solution of the Eq.s of motion and of the periodicity
condition in Eq.(2.6) can be written as follows
Xµ(τ, σ) = qµ + 2α′pµτ + i
√
α′
2
∑
n6=0
(
αµn
n
e−2in(τ−σ) +
α˜µn
n
e−2in(τ+σ)
)
, (2.11)
In order to discuss the fermionic degrees of freedom, it is useful to introduce light cone coordinates
ξ+ = τ + σ ; ξ− = τ − σ , ∂± ≡ ∂
∂ξ±
, (2.12)
In terms of them the Eq. of motion for ψ becomes
4∂+ψ
µ
− = 0 ; ∂−ψ
µ
+ = 0, (2.13)
where
ψµ± =
1∓ ρ3
2
ψµ ; ρ3 ≡ ρ0ρ1. (2.14)
The boundary conditions following from Eq. (2.1) are
(ψ+δψ+ − ψ−δψ−) |σ=πσ=0 = 0. (2.15)
which, in the case of an open string are satisfied if{
ψ−(0, τ) = η1ψ+(0, τ)
ψ−(π, τ) = η2ψ+(π, τ)
, (2.16)
where η1 and η2 can take the values ±1. In particular if η1 = η2 we get what is called the Ramond
(R) sector of the open string, while if η1 = −η2 we get the Neveu-Schwarz (NS) sector. In the case
of a closed string the fermionic coordinates ψ± are independent from each other and they can be
either periodic or anti-periodic. This amounts to impose the following conditions:
ψµ−(0, τ) = η3ψ
µ
−(π, τ) ψ
µ
+(0, τ) = η4ψ
µ
+(π, τ), (2.17)
that satisfy the boundary conditions in Eq.(2.15). In this case we have four different sectors
according to the two values that η3 and η4 take
η3 = η4 = 1⇒ (R− R)
η3 = η4 = −1⇒ (NS−NS)
η3 = −η4 = 1⇒ (R−NS)
η3 = −η4 = −1⇒ (NS− R)
. (2.18)
The general solution of Eq.(2.13) satisfying the boundary conditions in Eq.s (2.16) is given by
ψµ∓ ∼
∑
t
ψµt e
−it(τ∓σ) where
{
t ∈ Z + 12 → NS sector
t ∈ Z → R sector , (2.19)
while the ones satisfying the boundary conditions in Eq.(2.17) are given by
ψµ− ∼
∑
t
ψµt e
−2it(τ−σ) where
{
t ∈ Z + 12 → NS sector
t ∈ Z → R sector , (2.20)
ψµ+ ∼
∑
t
ψ˜µt e
−2it(τ+σ) where
{
t ∈ Z + 12 → N˜S sector
t ∈ Z → R˜ sector . (2.21)
In the quantum string theory the oscillators αn and α˜n play the role of creation and annihilation
operators acting on a Fock space and satisfying the commutation relations
[αµm, α
ν
n] = [α˜
µ
m, α˜
ν
n] = mδm+n,0η
µν ; [qˆµ, pˆν ] = iηµν , (2.22)
[αµm, α˜
ν
n] = [qˆ
µ, qˆν ] = [pˆµ, pˆν ] = 0 . (2.23)
which can be obtained by imposing the standard equal time commutators between the bosonic
string coordinates. Analogously the fermionic oscillators satisfy the anticommutation relations
{ψµt , ψνv} = {ψ˜µt , ψ˜νv} = ηµνδv+t,0 {ψµt , ψ˜νv} = 0 (2.24)
following from the canonical anticommutation relations between the fermionic coordinates. The
closed string vacuum state |0〉|0˜〉|p〉 with momentum p is defined by the conditions
5αµn|0〉|0˜〉|p〉 = α˜µn|0〉|0˜〉|p〉 = 0 ∀n > 0 ,
ψµt |0〉|0˜〉|p〉 = ψ˜µt |0〉|0˜〉|p〉 = 0 with
{
t ≥ 12 → NS sector
t ≥ 1→ R sector ,
pˆµ|0〉|0˜〉|p〉 = pµ|0〉|0˜〉|p〉 . (2.25)
For open strings the vacuum state is |0〉|p〉, and its definition involves only one kind of oscillators.
Notice that in the R sector there are fermionic zero modes satisfying the Dirac algebra that
follows from Eq.(2.24) for t, v = 0:
{ψµ0 , ψν0} = ηµν (2.26)
and therefore they can be represented as Dirac Γ -matrices. This implies that the ground state of
the Ramond sector transforms as a Dirac spinor and we can label it with a spinor index A. It
is annihilated by all annihilation operators ψµt with t > 0. The action of ψ0 on the open string
vacuum is given by
ψµ0 |A〉 =
1√
2
(Γµ)AC |C〉 , (2.27)
while that on the closed string ground state is given by
ψµ0 |A〉|B˜〉 =
1√
2
(Γµ)AC ( 1l )
B
D |C〉 |D˜〉
ψ˜µ0 |A〉|B˜〉 =
1√
2
(Γ11)
A
C (Γ
µ)BD |C〉|D˜〉 (2.28)
Because of the Lorentz metric the Fock space defined by the relations in Eq.s (2.22) - (2.24)
contains states with negative norm. To select only physical states one has to introduce the energy
momentum tensor and the supercurrent and to look at the action that these two operators have
on the states. The energy-momentum tensor, in the light cone coordinates, has two non zero
components
T++ = ∂+X · ∂+X + i
2
ψ+ · ∂+ψ+ ; T−− = ∂−X · ∂−X + i
2
ψ− · ∂−ψ− , (2.29)
while the supercurrent, which is the No¨ther current associated to the supersymmetry transforma-
tion in Eq.(2.2), is
J− = ψ− · ∂−X ; J+ = ψ+ · ∂+X . (2.30)
The Fourier components of T−− and T++ are called Virasoro generators and are given by
Ln =
1
2
∑
m∈Z
α−m · αn+m + 1
2
∑
t
(n
2
+ t
)
ψ−t · ψt+n, ∀n > 0 (2.31)
with an analogous expression for L˜m in the closed string case, while
L0 = α
′pˆ2 +
∞∑
n=1
α−n · αn +
∑
t>0
tψ−t · ψt. (2.32)
in the open string case and
L0 =
α′
4
pˆ2 +
∞∑
n=1
α−n · αn +
∑
t>0
tψ−t · ψt , L˜0 = α
′
4
pˆ2 +
∞∑
n=1
α˜−n · α˜n +
∑
t>0
tψ˜−t · ψ˜t (2.33)
for a closed string. The conditions which select the physical states involve also the Fourier compo-
nents of the supercurrent, denoted with Gt (and G˜t for closed strings). The operator Gt is given
by
6Gt =
∞∑
n=−∞
α−n · ψt+n ; (2.34)
with an analogous expression for G˜t in the closed string case.
The physical states are those satisfying the conditions
Lm|ψphys〉 = 0 m > 0
(L0 − a0)|ψphys〉 = 0
Gt|ψphys〉 = 0 ∀t ≥ 0
, (2.35)
where a0 =
1
2 for the NS sector and a0 = 0 for the R sector. In the closed string case one must
also impose analogous conditions involving L˜m and G˜t.
The spectrum of the theory is given in the open string case by
M2 =
1
α′
( ∞∑
n=1
α−n · αn +
∑
t>0
tψ−t · ψt − a0
)
(2.36)
while in the closed case by
M2 =
1
2
(
M2+ +M
2
−
)
, (2.37)
where
M2− =
4
α′
( ∞∑
n=1
α−n · αn +
∑
t
tψ−t · ψt − a0
)
, M2+ =
4
α′
( ∞∑
n=1
α˜−n · α˜n +
∑
t
tψ˜−t · ψ˜t − a˜0
)
.
(2.38)
For closed strings we should also add the level matching condition
(L0 − L˜0 − a0 + a˜0)|ψphys〉 = 0. (2.39)
Let us now concentrate on the massless spectrum of superstring theories. Imposing the physical
states conditions given in Eq. (2.35) for open strings, we get in the NS sector the following massless
state:
ǫµ(k)ψ
µ
−1/2|0, k〉 k · ǫ = 0 ; k2 = 0 (2.40)
that corresponds to a gauge vector field, with transverse polarization, while in the R sector the
massless state is given by:
uA(k)|A, k〉 ; uA(k · Γ )AB = 0 k2 = 0 (2.41)
that in general corresponds to a spinor field in d dimensions. A necessary condition for having
space-time supersymmetry is that the number of physical bosonic degrees of freedom be equal to
that of physical fermionic degrees of freedom. In the NS sector we have found a vector field, which
in 10 dimensions has 8 degrees of freedom (i.e. (d − 2)). In the R sector instead we got a spinor
field. The number of degrees of freedom of a spinor in d dimension is 2d/2, if it is a Dirac spinor,
2d/2/2 if it is a Majorana or Weyl spinor and 2d/2/4 in the case of Majorana-Weyl spinor (for d
even). In d = 10 the only spinor having the same number of degrees of freedom of a vector is the
Majorana-Weyl (with 8 d.o.f.) . Thus in order to have supersymmetry we must impose the ground
state of the Ramond sector to be a Majorana-Weyl spinor. Since the fermionic coordinates ψµ are
real we expect the spinor to be Majorana. In order to get also a Weyl ground state we must impose
an additional condition that goes under the name of GSO projection. In the Ramond sector the
GSO projection implies that we must restrict ourselves to the states that are not annihilated by
one of the two following operators (for instance the one with the sign +):
PR =
1± ψ11(−1)FR
2
where FR =
∞∑
n=1
ψ−n · ψn ψ11 ≡ 25ψ00ψ10 . . . ψ90 (2.42)
7On the other hand, in order to eliminate the states with half-integer squared mass in units of α′
that are present in the spectrum of the NS but not in the R sector, we must perform a similar
projection also in the NS sector introducing the operator
PNS =
1 + (−1)FNS
2
where FNS =
∞∑
t=1/2
ψ−t · ψt − 1 (2.43)
Because of the previous projections, the tachyon with mass M2 = −1/(2α′), appearing in the NS-
sector of the spectrum is projected out and the ground state fermion is a Majorana-Weyl spinor
in ten dimensions with only 8 physical degrees of freedom.
In the closed string case we have four different sectors and we have to perform the GSO
projection in each sector. Then one needs to define analogous quantities F˜NS , F˜R, P˜NS and P˜R
in terms of the right handed oscillators. In so doing one can choose P˜R to have the same or the
opposite sign (±) with respect to the one appearing in the definition of PR. Then if PR and P˜R
are defined with the same sign (+ or −) the two Majorana-Weyl spinors uA and u˜A of the left
and right sectors have the same chirality (+ or −). Choosing instead the opposite sign they have
opposite chirality. These two situations corresponds to two different superstring models. Indeed
the first case corresponds to the type IIB (chiral) theory and the second case to the type IIA (non
chiral) theory. In the NS-NS sector the massless states are given by:
ψµ−1/2ψ˜
ν
−1/2|0,
k
2
〉|0˜, k
2
〉 k2 = 0 (2.44)
Those corresponding to a graviton are obtained by saturating the state in the previous equation
with the symmetric and traceless tensor:
ǫ(h)µν = ǫ
(h)
νµ ǫ
(h)
µν η
µν = 0 (2.45)
Those corresponding to an antisymmetric 2-form tensor are obtained by saturating the state in
Eq.(2.44) with an antisymmetric polarization tensor:
ǫ(A)µν = −ǫ(A)νµ (2.46)
Finally the dilaton is obtained by saturating the state in Eq.(2.44) with the following tensor:
ǫ(φ)µν =
1√
8
[ηµν − kµℓν − kνℓµ] (2.47)
where ℓ2 = k2 = 0 and ℓ · k = 1. The physical conditions imply that the polarization tensors for
both the graviton and the antisymmetric tensor satisfy the condition:
kµǫ(h)µν = 0 k
νǫ(A)µν = 0 (2.48)
Then we have a R-NS sector whose massless state is given by:
uA(k)|A, k/2〉 ǫµ(k)ψµ−1/2| ˜0, k/2〉 (2.49)
By introducing a spinorial quantity with a vector index χµ(k) ≡ u(k)ǫµ(k) it is easy to check that
the physical conditions imply that χ satisfies the two equations:
(χ)B(Γ
µ)BAkµ = 0 k · χ = 0 (2.50)
The vector spinor is reducible under the action of the Lorentz group. It can be decomposed in the
following way:
8(χˆµ)
A =
[
(χˆµ)
A − 1
D
Γµ(Γ
νχˆν)
A
]
+
1
D
Γµ(Γ
νχˆν)
A (2.51)
The first term corresponds to a gravitino with spin 3/2, while the second one to the dilatino with
spin 1/2. They have opposite chirality. The same considerations apply also to the R-NS sector that
provides also a gravitino and a dilatino as in the case of the NS-R sector. In both these sectors
one gets space-time fermions.
Finally we have the R-R sector that as the NS-NS sector contains bosonic states. The massless
states of the R-R sector are given by:
uA(k)u˜B(k)|A, k/2〉| ˜B, k/2〉 (2.52)
They are physical states (annihilated by G0 and G˜0) if u and u˜ satisfy the Dirac equation:
uA(k)(k · Γ )AB = u˜A(k)(k · Γ )AB = 0 (2.53)
In order to investigate further aspects of the R-R spectrum and also for discussing vertex
operators that are needed to write scattering amplitudes among string states, it is useful to use
the conformal properties of string theory. Indeed string theory in the conformal gauge is a two-
dimensional conformal field theory. Thus, instead of the operatorial analysis that we have discussed
until now, one could give an equivalent description by using the language of conformal field theory
in which one works with OPEs rather then commutators or anticommutators. We are not going
to discuss here this alternative description in detail (for a careful discussion see [5],[2]), but we
will limit our conformal discussion only to those string aspects that get an easier formulation in
terms of conformal field theory.
In the conformal formulation one introduces the variables z and z¯ that are related to the world
sheet variables τ and σ through the conformal transformation:
z = e2i(τ−σ) ; z¯ = e2i(τ+σ) , (2.54)
in the closed string case and
z = ei(τ−σ) ; z¯ = ei(τ+σ) (2.55)
in the open string case and then express the bosonic and fermionic coordinates, given in Eq.s
(2.9), (2.10) and (2.19) for open strings and in Eq.s (2.11), (2.20) and (2.21) for closed strings, in
terms of z and z¯.
Using the conformal language the R-R vacuum state |A〉|B˜〉 can be written in terms of the NS
- NS vacuum by introducing the spin fields SA(z), S˜B(z¯) satisfying the equation:
lim
z→0
SA(z)S˜B(z¯)|0〉|0˜〉 = |A〉B˜〉 , (2.56)
where |0〉 is the NS vacuum. Inserting this equation in Eq.(2.52) one can expand it as follows
lim
z→0
uA(k)S
A(z)u˜BS˜
B(z¯)|0〉|0˜〉 =
=
1
25
10∑
n=0
(−1)n+1
n!
uA(k)(Γµ1...µnC
−1)ABu˜B lim
z→0
SC(z)(CΓµ1...µn)CDS˜
D(z¯)|0〉|0˜〉 (2.57)
where Γµ1...µn is the completely antisymmetrized product of n Γ -matrices.
Also in this case the two spinors can be taken with the same or opposite chirality. Let us
assume that they have the same chirality corresponding to IIB superstring theory. In this case
they both satisfy the two following Eq.s
uA
(
1 + Γ11
2
)A
B
= 0 ;
(
1− Γ11
2
)A
B
(C−1)BC u˜C = 0 (2.58)
9where the second is obtained from the first by using that Γ T11 = −CΓ11C−1. With the help of the
two previous Eq.s it is straightforward to show that:
uA(Γµ1...µnC
−1)ABu˜B = (−1)n+1uA(Γµ1...µnC−1)ABu˜B (2.59)
This means that only the terms with n odd contribute in the sum in Eq.(2.57). If we had spinors
with opposite chirality then only the terms with n even will be contributing. It remains to show
that the even or the odd values of n are actually not independent. In fact the first Eq. in (2.58)
implies that
uE
(
1 + Γ11
2
)E
F
(Γµ1...µnC
−1)FGu˜G = 0 (2.60)
But, by using that
Γ11Γµ1...µn =
(−1)(n+2)(n−1)/2
(10− n)! ǫµ1...µnµn+1...µ10Γ
µn+1...µ10 (2.61)
in Eq.(2.60) we get
uΓµ1...µnC
−1u˜+
(−1)(n+2)(n−1)/2
(10− n)! ǫµ1...µnµn+1...µ10uΓ
µn+1...µ10 u˜ = 0 (2.62)
that shows that the terms with n > 5 are related to those with n < 5. For n = 5 we get the
following self-duality relation:
uΓµ1...µ5C
−1u˜+
1
5!
ǫµ1...µ10uΓ
µ6...µ10 u˜ = 0 (2.63)
This means that in type IIB we can limit ourselves to n = 1, 3, 5, while in type IIA to n = 2, 4,
being the other values related to those.
It can also be shown that the quantities in Eq.(2.62) correspond to field strengths and not to
potentials:
Fµ1...µn ≡ uΓµ1...µnC−1u˜ (2.64)
This follows from the fact that Fµ1...µn satisfies both the Eq. of motion and the Bianchi identity
that in form notation are given by:
dFn = d(
∗F )10−n = 0 (2.65)
They can be obtained from Eq.(2.64) remembering that the two spinors appearing in it, in order
to be physical, must satisfy the Dirac equation given in Eq.(2.53). Therefore we have the following
R-R potentials
C0 , C2 C4 in type IIB (2.66)
C1 , C3 in type IIA (2.67)
where the subindex indicates the rank of the form.
In conclusion the bosonic spectrum of the two closed superstring IIA and IIB consists of a
graviton Gµν , a dilaton φ and a two-form potential B2 in the NS-NS sector and of the RR fields
given in Eq.(2.66) for the type IIB and in Eq.(2.67) for the type IIA theory. The number of
physical degrees of freedom of the previous fields is given in Table 1. We have assumed that d is
even. If d is odd the fermionic degrees of freedom are given by 2(d−1)/2 instead of 2d/2. By counting
the number of physical degrees of freedom for both type II theories it is easy to check that the
number of bosonic degrees of freedom (128) equals that of fermionic ones (128) as expected in a
supersymmetric theory. It turns out that the actions describing the low-energy degrees of freedom
in the two closed superstring theories are the type IIB and type IIA supergravities that we will
write down in the next section.
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Table 1. Degrees of Freedom
STATE d-dims 10-dims
Gµν (d-2)(d-1)/2 -1 35
φ 1 1
B2 (d-2)(d-3)/2 28
C0 1 1
C1 d-2 8
C2 (d-2)(d-3)/2 28
C3 (d-2)(d-3)(d-4)/6 56
C4 (d− 2)(d− 3)(d− 4)(d− 5)/(2 · 4!) 35
χAµ (d− 3)2
d/2/4 56
ψA 2d/2/4 8
Until now we have analyzed the string spectrum in the operatorial framework, in which the
physical states are constructed by acting with the oscillators α and ψ on the vacuum state.
However, in order to compute string scattering amplitudes, the conformal description of string
theory is much more suitable than the operatorial one. Indeed in the conformal framework one
defines a vertex operator for each string state and then express a scattering amplitude among
string states in terms of a correlator between the corresponding vertex operators.
In a conformal field theory one introduces the concept of conformal or primary field V(z) of
dimension h as an object that satisfies the following OPE with the energy momentum tensor T (z):
T (z)V(w) = ∂wV(w)
z − w +
hV(w)
(z − w)2 + ... . (2.68)
where the dots indicate non singular terms when z → w. In order to perform a covariant quantiza-
tion of string theory we have to consider also the ghost and superghost degrees of freedom that we
have completely disregarded until now. They arise from the exponentiation of the Faddev-Popov
determinant that is obtained when the string is quantized through the path-integral quantization.
In particular choosing the conformal gauge, one gets the following action [5]
Sgh−sgh ∼
∫
d2z[(b∂¯c+ c.c.) +
(
β∂¯γ + c.c
)
] , (2.69)
where b and c are fermionic fields with conformal dimension equal respectively to 2 and −1 while
β and γ are bosonic fields with conformal dimensions equal respectively to 3/2 and −1/2.
With the introduction of ghosts the string action in the conformal gauge becomes invariant
under the BRST transformations and the physical states are characterized by the fact that they
are annihilated by the BRST charge that is given by
Q ≡
∮
dzJBRST (z) = Q0 +Q1 +Q2 , (2.70)
where
Q0 =
∮
dz
2πi
c(z)
[
T (z) + T βγ(z) + ∂c(z)b(z)
]
(2.71)
and
Q1 =
1
2
∮
dz
2πi
γ(z)ψ(z) · ∂X(z) ; Q2 = −1
4
∮
dz
2πi
γ2(z)b(z) (2.72)
where
T bc(z) = [−2b∂c− ∂bc] : T βγ(z) = [−3
2
β∂γ − 1
2
∂βγ] (2.73)
It is convenient to use the bosonized variables:
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γ(z) = eϕ(z)η(z) , β(z) = ∂ξ(z)e−ϕ(z) (2.74)
In terms of them Q1 and Q2 become:
Q1 =
1
2
∮
dz
2πi
eϕ(z)η(z)ψ(z) · ∂X(z) ; Q2 = 1
4
∮
dz
2πi
b(z)η(z)∂η(z)e2ϕ(z) (2.75)
A vertex operator corresponding to a physical state must be BRST invariant, i.e.
[Q,W(z)]η = 0 (2.76)
where [, ]η means commutator (η = −1) [anticommutator (η = 1)] when the vertex operator is a
bosonic [fermionic] quantity.
In the massless NS sector of open strings the correct BRST invariant vertex operator with the
inclusion of the ghosts and superghosts contribution turns out to be
W−1(z) = c(z)e−ϕ(z)ǫ · ψ(z)ei
√
2α′k·X(z) (2.77)
Here and in the following we use dimensionless string fields X and ψ, and also the momentum k
always appear in the dimensionless combination
√
2α′k. The previous vertex is BRST invariant if
k2 = ǫ · k = 0. This can be shown in the following way. Let us define for convenience:
W−1(z) ≡ c(z)F (z) (2.78)
and let us compute:
[Q0,W−1(w)] =
∮
dz
2πi
c(z)
[
T (z) + T βγ(z) + ∂c(z)b(z)
]W−1(w) =
=
∮
dz
2πi
{
c(z)c(w)
[
∂wF (w)
z − w +
F (w)
(z − w)2
]
+
(c∂cF )(w)
z − w
}
(2.79)
where we have used the fact that F (w) is a conformal field with dimension equal to 1, which
implies that the four-momentum of the vertex must be light-like k2 = 0. Expanding around the
point z = w and keeping only the terms that are singular i.e. the only ones that give a non-
vanishing contribution in the previous equation we get:∮
dz
2πi
{
[c(w) + (z − w)∂c(w)]
[
c(w)∂F (w)
z − w +
W−1(w)
(z − w)2
]
− ∂c(w)W−1(w)
(z − w)
}
= 0 (2.80)
because the term c(w) in the square bracket gives no contribution ( c2 = 0 ) and the other singular
terms just trivially cancel. Following the same procedure it can also be checked that
[Q1,W−1(w)] = [Q2,W−1(w)] = 0 (2.81)
The second equation is valid in general, while the first one is only valid if ǫ · k = 0. In conclusion
we have seen that the vertex operator in Eq.(2.77) is BRST invariant if k2 = ǫ · k = 0.
We can proceed in an analogous way in the R sector and obtain the following BRST invariant
vertex operator for the massless fermionic state of open superstring [5]:
W−1/2(z) = uA(k)c(z)SA(z)e− 12ϕ(z)ei
√
2α′k·X(z) (2.82)
It is BRST invariant if k2 = 0 and uA (Γ
µ)
A
B kµ = 0. Both vertices in Eq.s (2.77) and (2.82) have
conformal dimension equal to zero.
Moreover in superstring for each physical state we can construct an infinite tower of equivalent
physical vertex operators all (anti)commuting with the BRST charge and characterized according
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to their superghost picture P that is equal to the total ghost number of the scalar field ϕ and
of the ηξ system that appear in the ”bosonization” of the βγ system according to Eq.(2.74) (for
more details see [2]):
P =
∮
dz
2πi
(−∂ϕ+ ξη) (2.83)
For example the vertex in Eq.(2.77), which does not contain the fields η and ξ but only the field
ϕ appearing in the exponent with a factor −1, is in the picture −1. Analogously the vertex in
Eq.(2.82) is in the picture −1/2. Vertex operators in different pictures are related through the
picture changing procedure that we are now going to describe shortly. Starting from a BRST
invariant vertex Wt in the picture t (characterized by a value of P equal to t), where t is integer
(half-integer) in the NS (R) sector, one can construct another BRST invariant vertex operator
Wt+1 in the picture t+ 1 through the following operation [5]
Wt+1(w) = [Q, 2ξ(w)Wt(w)]η =
∮
w
dz
2πi
JBRST (z) 2ξ(w)Wt(w) . (2.84)
Using the Jacobi identity and the fact that Q2 = 0 one can easily show that the vertex Wt+1(w)
is BRST invariant:
[Q,Wt+1]η = 0 (2.85)
On the other hand the vertex Wt+1(w) obtained through the construction in Eq.(2.84) is not
BRST trivial because the corresponding state contains the zero mode ξ0 that is not contained in
the Hilbert space of the βγ-system as it can be seen by looking at the expressions of β and γ in
terms of ξ given in Eq. (2.74).
In conclusion all the vertices constructed through the procedure given in Eq.(2.84) are BRST
invariant and non trivial in the sense that all give a non-vanishing result when inserted for instance
in a tree-diagram correlator provided that the total picture number is equal to −2 (see [2]for more
details). Using the picture changing procedure from the vertex operator in Eq.(2.77) we can
construct the vertex operator in the 0 superghost picture which is given by [6]
W0(z) = c(z)V1(z)− 1
2
γ(z)V0(z) . (2.86)
with
V0(z) = ǫ · ψ(z)ei
√
2α′k·X(z) and V1(z) = (ǫ · ∂X(z) + i
√
2α′k · ψǫ · ψ)ei
√
2α′k·X(z) . (2.87)
Analogously starting from the massless vertex in the R sector in Eq.(2.82) one can construct
the corresponding vertex in an arbitrary superghost picture t.
In the closed string case the vertex operators are given by the product of two vertex operators
of the open string. Thus for the massless NS-NS sector in the superghost picture (−1,−1) we have
W(−1,−1) = ǫµνVµ−1(k/2, z)V˜ν−1(k/2, z¯) , (2.88)
where Vµ−1(k/2, z) = c(z)ψµ(z)e−ϕ(z)ei
√
2α′k
2 ·X(z) and V˜ν−1 is equal to an analogous expression in
terms of the tilded modes. This vertex is BRST invariant if k2 = 0 and ǫµνk
ν = kµǫµν = 0.
In the R-R sector the vertex operator for massless states in the (− 12 ,− 12 ) superghost picture
is
W(−1/2,−1/2) =
(CΓµ1...µm+1)AB Fµ1...µm+1
2
√
2(m+ 1)!
VA−1/2(k/2, z)V˜B−1/2(k/2, z¯) (2.89)
where VA−1/2(k/2, z) = c(z)SA(z)e−
1
2ϕ(z)ei
√
2α′k
2 ·X(z) and
Fµ1...µm+1 =
(−1)m+1
25
uD(k)(Γµ1...µm+1C
−1)DE u˜E(k) . (2.90)
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It is BRST invariant if k2 = 0 and Fµ1...µm is a field strength satisfying both the Maxwell equation
(dF = 0) and the Bianchi identity (d ∗F = 0).
For future purposes it is useful to give also the vertex operator of a physical R-R state in the
asymmetric picture (−1/2,−3/2). Indicating with Aµ1...µm the gauge potential corresponding to
the field strength Fµ1...µm+1 , this vertex is given by [7]:
W(−1/2,−3/2) =
∞∑
M=0
aM
2
√
2
(
CA(m)ΠM
)
AB
VA−1/2+M (k/2, z)V˜B−3/2−M (k/2, z¯) (2.91)
where (
CA(m)
)
AB
=
(CΓµ1...µm)
m!
Aµ1...µm , Πq =
1 + (−1)qΓ11
2
(2.92)
and
VA−1/2+M (k/2, z) = ∂M−1η(z)...η(z)c(z)SA(z)e(−
1
2+M)ϕ(z)ei
√
2α′k
2 ·X(z) (2.93)
V˜B−3/2−M (k/2, z¯) = ∂¯M ξ˜(z¯)...∂¯ξ˜(z¯)c˜(z¯)S˜A(z¯)e(−
3
2−M)ϕ˜(z¯)ei
√
2α′k
2 ·X˜(z¯) (2.94)
It can be shown that the vertex operator in Eq.(2.91) is BRST invariant if k2 = 0 and the following
two conditions are satisfied
aM =
(−1)M(M+1)
[M !(M − 1)!...1]2 , d
∗A(m) = 0 . (2.95)
By acting with the picture changing operator on the vertex in Eq.(2.91) it can be shown that one
obtains the vertex in the symmetric picture in Eq.(2.89). In particular one can show that only the
first term in the sum in Eq.(2.91) reproduces the symmetric vertex, while all the other terms give
BRST trivial contributions. Notice that by changing the superghost picture of the vertex operator
one also changes the physical content of the specific vertex. Indeed while the vertex operator in the
symmetric picture is proportional to the field strength, the one in the asymmetric picture depends
on the potential. Obviously the picture changing procedure does not affect the amplitudes, which
always depend on the field strength.
Having constructed the BRST invariant vertex operators we can use them to compute scat-
tering amplitudes between string states. In order to get a non-vanishing result, we must use three
BRST-invariant vertices of the form c(z)V (z) (V (z) is a primary field with conformal dimension
equal to 1 that does not contain the ghosts b and c) corresponding to the states for which we fix the
corresponding Koba-Nielsen variables to 0, 1 and ∞ and (N − 3) vertices without the factor c(z).
The last ones are also BRST-invariant because we integrate over the corresponding Koba-Nielsen
variable. In this way the product of the N vertices has ghost number equal to 3 and when it is
taken between the BRST and projective-invariant vacuum characterized by ghost number q = 0
we get a non-zero result. Moreover one must also require the product of the N vertex operator to
have superghost number equal to −2.
As an example let us calculate the amplitude among three gluon states with momentum ki
and polarization ǫi at tree level in perturbation theory. This is given by [8]
A0(ǫ1, k1; ǫ2, k2; ǫ3, k3) = C0(iNop)
3Tr(λa1λa2λa3)〈W−1(z1)W−1(z2)W0(z3)〉 (2.96)
where the normalization of the tree level amplitude and of the states in d dimensions are
C0 =
1
g2op(2α
′)
d
2
Nop = 2gop(2α
′)
d−2
4 , (2.97)
the matrices λ are the generators of the gauge group SU(N) in the fundamental representation,
normalized as
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Tr(λaλb) =
δab
2
(2.98)
and finally W−1 is the gluon vertex in the superghost picture −1 given in Eq.(2.77) and W0 is the
one in the picture 0 defined in Eq.(2.86). Let us evaluate the correlator
〈W−1(z1)W−1(z2)W0(z3)〉 = ǫ1µǫ2νǫ3ρ〈c(z1)c(z2)c(z3)〉〈e−φ(z1)e−φ(z2)〉×[
〈ψµ(z1)ψν(z2)〉〈
3∏
i=1
eiki·X(zi)∂Xρ(z3)〉+ 〈
3∏
i=1
eiki·X(zi)〉〈ψµ(z1)ψν(z2)i
√
2α′k3 · ψ(z3)ψρ(z3)〉
]
(2.99)
Using the correlators [5]
〈ei
√
2α′ki·X(zi)ei
√
2α′kj ·X(zj)〉 = (zij)2α′ki·kj (2.100)
〈ei
√
2α′ki·X(zi)∂Xµ(zj)〉 = i
√
2α′kµi
zij
〈ψµ(zi)ψν(zj)〉 = −η
µν
zij
(2.101)
〈c(zi)c(zj)c(zk)〉 = zijzikzjk , 〈eaφ(zi)ebφ(zj)〉 = 1
(zij)ab
(2.102)
with zij = (zi − zj), Eq. (2.99) becomes
〈W−1(z1)W−1(z2)W0(z3)〉 =
√
2α′ǫ1µǫ
2
νǫ
3
ρz23z13
{
−η
µν
z12
[
kρ1
z13
+
kρ2
z23
]
+
kν3η
µρ − kµ3 ηνρ
z13z23
}
(2.103)
where we have used the on-shell condition to eliminate the factors (zij)
2α′ki·kj . Substituting Eq.s
(2.97) and (2.103) in Eq.(2.96), using momentum conservation and transversality one gets:
A0(ǫ1, k1; ǫ2, k2; ǫ3, k3) = 8gop(2α
′)
d−4
4 Tr(λa1λa2λa3)(ǫ1 ·ǫ2k1 ·ǫ3+ǫ3 ·ǫ1k3 ·ǫ2+ǫ2 ·ǫ3k2 ·ǫ1) (2.104)
In order to compare this result with the field theory 3-gluon amplitude we need to add to the pre-
vious expression corresponding to the permutation (1, 2, 3) also the contribution of the anticyclic
permutation (3, 2, 1) that can be easily obtained from eq.(2.104). In so doing one gets
A0(ǫ1, k1; ǫ2, k2; ǫ3, k3) = 4igop(2α
′)
d−4
4 fa1a2a3(ǫ1 · ǫ2k1 · ǫ3 + ǫ3 · ǫ1k3 · ǫ2 + ǫ2 · ǫ3k2 · ǫ1) (2.105)
where we have used that Tr([λa1λa2 ]λa3) = i2 f
a1a2a3 . Comparing Eq.(2.105) with the 3-gluon
scattering amplitude in d dimension, we get the following relation between the d-dimensional
gauge coupling constant and the string parameters gop and α
′
gd = 2gop(2α
′)
d−4
4 (2.106)
3 Classical p-brane: the closed string perspective
At semiclassical level, in addition to strings, closed string theories naturally contain other extended
objects that are called p branes which are solutions of the low energy string effective action. They
act as sources of the massless R-R closed string fields and saturate the BPS bound between mass
and charge. In order to see how they appear in the theory, let us briefly discuss the low energy
limit of string theory. The low energy effective action of type IIB string theory is given by the
so-called type IIB supergravity. Its bosonic part in the Einstein frame is given by: 3
3 Our conventions for curved indices and forms are the following: ε0...9 = +1; signature (−,+9); µ, ν =
0, . . . , 9; α, β = 0, . . . , 3; i, j = 4, 5; ℓ,m = 6, . . . , 9; ω(n) =
1
n!
ωµ1...µndx
µ1 ∧ . . . ∧ dxµn , and ∗ω(n) =√
−detG
n! (10−n)! εν1...ν10−nµ1...µn ω
µ1...µndxν1 ∧ . . . ∧ dxν10−n .
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SIIB =
1
2κ2
{∫
d10x
√− detG R− 1
2
∫ [
dφ ∧ ∗dφ + e−φH3 ∧ ∗H3 + e2φ F1 ∧ ∗F1
+ eφ F˜3 ∧ ∗F˜3 + 1
2
F˜5 ∧ ∗F˜5 − C4 ∧H3 ∧ F3
]}
(3.1)
where
H3 = dB2 , F1 = dC0 , F3 = dC2 , F5 = dC4 (3.2)
are, respectively, the field strengths of the NS-NS 2-form and of the 0-, 2- and 4-form potentials
of the R-R sector and
F˜3 = F3 + C0 ∧H3 , F˜5 = F5 + C2 ∧H3 . (3.3)
Moreover, 2κ2 ≡ 16πG10N = (2π)7 g2s α′4 where gs is the string coupling constant, and the self-
duality constraint ∗F˜5 = F˜5 has to be implemented on shell.
The low energy type IIA string effective action, corresponding to type IIA supergravity has,
in our conventions, the following expression:
SIIA =
1
2κ2
{∫
d10x
√−GR +
− 1
2
∫ (
dφ ∧ ∗dφ+ e−φH3 ∧ ∗H3 − e3φ/2F2 ∧ ∗F2 − eφ/2F˜4 ∧ ∗F˜4 +B2 ∧ F4 ∧ F4
)}
, (3.4)
where we have considered only the bosonic degrees of freedom. The field strengths appearing in
the last equation are given by:
H3 = dB2 , F2 = dC1 , F4 = dC3 , F˜4 = F4 − C1 ∧H3 , (3.5)
and 2κ2 = (2π)7g2sα
′4.
The previous supergravity actions have been written in the so-called Einstein frame. It is also
useful to give their expression in a different frame which is called the string frame, the two being
related by the following rescaling of the metric:
gµν = e
(φ−φ0)/2Gµν ,with eφ0 = gs (3.6)
where with gµν we have indicated the string frame metric. In general under a rescaling of the
metric
gˆµν = e
−2sγ(x)gµν (3.7)
the various terms that appear in the supergravity Lagrangian are modified as follows:√
−gˆ = e−sdγ(x)√−g (3.8)
Rˆ = e2sγ(x)
[
R+ 2s(d− 1) 1√−g∂µ
(√−ggµν∂νγ(x))− s2(d− 1)(d− 2)gµν∂µγ(x)∂νγ(x)] (3.9)
e−2aγ(x)
√
−gˆ
[
Rˆ− bgˆµν∂µγ∂νγ
]
= e−[2a+s(d−2)]γ(x)×
×√−g {R + [s2(d− 1)(d− 2) + 4as(d− 1)− b] gµν∂µγ∂νγ} (3.10)
−
√−gˆ
2n!
eanγ(x)gˆµ1ν1 . . . gˆµnνnHµ1...µnHν1...νn =
= −
√−g
2n!
e[an−(d−2n)s]γ(x)gµ1ν1 . . . gµnνnHµ1...µnHν1...νn (3.11)
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where for the sake of generality we have kept the dimension of the space-time d arbitrary.
Applying the previous formulas in Eq. (3.1) we get the purely bosonic part of the IIB super-
gravity action in the string frame:
SIIB =
1
2κ2
{∫
d10x
√−ge−2(φ−φ0)
[
R + 4gµν∂µφ∂νφ− 1
12
HµνρH
µνρ
]
+
− 1
2
∫ [
F˜3 ∧ ∗F˜3 + F1∗ ∧ F1 + 1
2
F˜5 ∧ ∗F˜5 − C4 ∧H3 ∧ F3
]}
(3.12)
while for the type IIA effective action in the string frame one gets:
SIIA =
1
2κ2
{∫
d10x
√−ge−2(φ−φ0)
[
R+ 4gµν∂µφ∂νφ− 1
12
HµνρH
µνρ
]
+
− 1
12
∫ [
F˜4 ∧ ∗F˜4 + F2∗ ∧ F2 + −B2 ∧ F4 ∧ F4
]}
(3.13)
The classical equations of motion derived from the previous low-energy actions admit solutions
corresponding to p-dimensional objects called p-brane. In the following we want just to remind
their main properties. The starting point is either Eq.(3.1) or (3.4) in which we neglect the NS-NS
two-form potential and we keep only one R-R field, namely:
S =
1
2κ2
∫
ddx
√−g
[
R− 1
2
(∇φ)2 − 1
2(n+ 1)!
e−aφ (Fp+1)
2
]
, (3.14)
where we have indicated with d the space-time dimension. The p brane solution is obtained by
making the following ansatz for the metric:
ds2 = [H(r)]
2A (
ηαβdx
αdxβ
)
+ [H(r)]
2B
(δijdx
idxj) , (3.15)
with α, β ∈ {0, ...p}, i, j ∈ {p+ 1, ...d− 1} , and the ansatz
e−φ(x) = [H(r)]τ , C01...p(x) = ±[H(r)]−1 , (3.16)
for the dilaton φ and for the R-R (p + 1)-form potential C respectively. H(r) is assumed to be
only a function of the square of the transverse coordinates r = x2⊥ = xix
i. If the parameters are
chosen as
A = −d− p− 3
2(d− 2) , B =
p+ 1
2(d− 2) , τ =
a
2
, , (3.17)
with a obeying the equation
2(p+ 1)(d− p− 3)
d− 2 + a
2 = 4 , (3.18)
then the function H(r) satisfies the flat space Laplace equation. A BPS solution corresponding to a
p dimensional extended object, namely an extremal p-brane solution, is constructed by introducing
in the right hand side of the Eq.s of motion, following from the action (3.14), a δ-function source
term in the transverse directions which can be obtained from the following boundary action:
Sbound = −τp
∫
dp+1ξeaφ/2
√− detGαβ + τp ∫ Cp+1 (3.19)
where the constant a in d = 10 is given by:
a =
p− 3
2
(3.20)
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If we restrict ourselves to the simplest case of just one p-brane, we obtain for H(r)
H(r) = 1 + 2κTpG(r) , (3.21)
where
G(r) =
{[
(d− p− 3)r(d−p−3)Ωd−p−2
]−1
p < d− 3 ,
− 12π log r p = d− 3 ,
(3.22)
with
Ωq = (2π)
(q+1)/2/Γ
(
(q + 1)/2
)
(3.23)
being the area of a unit q-dimensional sphere Sq. For future use it is convenient to introduce the
quantity:
Qp = µp
√
2κ
(d− p− 3)Ωd−p−2 ; µp ≡
√
2Tp ; τp =
µp√
2κ
. (3.24)
and (if p < d− 3) to rewrite H(r) in Eq.(3.21) as follows:
H(x) = 1 +
Qp
rd−3−p
, (3.25)
The classical solution has a mass per unit p-volume, Mp and an electric charge with respect to
the R-R field, µp, given respectively by
Mp =
Tp
κ
, µp = ±
√
2Tp . (3.26)
4 Dp branes: the open string perspective
The p-branes solutions of the low-energy string effective actions discussed in the previous sec-
tion have a complementary description, in the open string framework, as Dp branes that is as
hyperplanes on which open string attach their endpoints. The existence of such hyperplanes is
required by the extension of T-duality, which is a symmetry of (bosonic) closed string theory, to
the open string case. The fundamental observation made by Polchinski [9] has been to identify the
Dp branes appearing in open string theory with the p-branes solutions of the supergravity Eq.s
of motion. Let us briefly review how T-duality enforces the existence of Dp branes (for a detailed
discussion see [2]). T-duality is the transformation that interchanges the winding states with the
Kaluza-Klein states appearing in the closed string spectrum when the theory is compactified on a
torus. It turns out that the bosonic closed string theory is invariant under T-duality, while in the
supersymmetric case, this transformation is in general not a symmetry but brings from a certain
string theory to another string theory.
Let us first discuss the bosonic case. When one space coordinate is compactified on a circle of
radius R, the bosonic closed string mass operator acquires the following form
M2 =
2
α′
[ ∞∑
n=1
(α−n · αn + α˜−n · α˜n)− 2
]
+
( n
R
)2
+
(
wR
α′
)2
. (4.1)
from which we see that the spectrum of the closed string has been enriched with respect to the
non-compact case by the appearance of two kinds of particles: the usual K-K modes - coming from
the standard quantization of the momentum conjugate to the compact direction - which contribute
to the energy as nR , together with some new excitations that are called winding modes because
they can be thought of as generated by the winding of the closed string around the compact
direction, which in fact contributes to the energy of the system as
T 2πRw =
wR
α′
, (4.2)
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where T = 1/(2πα′) is the string tension. All previous formulas can be trivially generalized to the
case of a toroidal compactified theory in which a number of coordinates Xℓ are compactified on
circles with radii R(ℓ).
From Eq.(4.1) we see that the spectrum of the theory is invariant under the exchange of KK
modes with winding modes together with an inversion of the radius of compactification:
w ↔ n ; R↔ Rˆ ≡ α
′
R
. (4.3)
This is called a T-duality transformation and Rˆ is the compactification radius of the T-dual
theory. It can also be shown that both the partition function and the correlators are invariant
under T-duality. This means that T-duality is a symmetry of the bosonic closed string theory. As
a consequence, whenever we have to consider compactified theories, we can limit ourselves to the
case R ≥ √α′. That is the reason why √α′ is often called the minimal length of string theory.
Consistently with Eq.(4.1) one can also define the action of T-duality on the string coordinate
X as follows (see [2] for details)
X− → X− X+ → −X+ (4.4)
where we have written
X =
1
2
(X− +X+) , (4.5)
with
X− = q + 2
√
2α′(τ − σ)α0 + i
√
2α′
∑
n6=0
αn
n
e−2in(τ−σ) , (4.6)
and
X+ = q + 2
√
2α′(τ + σ)α˜0 + i
√
2α′
∑
n6=0
α˜n
n
e−2in(τ+σ) , (4.7)
Therefore the T-duality transformation acts on the right sector as a parity operator changing sign
of the right moving coordinate X+ and leaving unchanged the left moving one X−.
In an open string theory, even in its compactified version, there are only K-K modes, while
the winding modes are absent. This could suggest that T-duality is not a symmetry of the open
string theory. Such a conclusion, however, is not satisfactory because theories with open strings
also contain closed strings! Therefore if d− p− 1 directions are compactified on circles with radii
Rℓ, performing the limits Rℓ → 0 one would end with open strings living in a p + 1-dimensional
subspace of the entire space-time, and closed strings in the entire d-dimensional target space.
Indeed in that limit the open string sector would keep no trace of the compact dimensions, losing
effectively d− p− 1 directions, because all the K-K modes become infinitely massive and decouple
from the spectrum. Instead in the closed sector, even if the K-K modes decouple, the winding
modes would not disappear giving a continuum of states and, through a T-duality transformation,
one could completely restore all the d space-time dimensions, as a consequence of the fact that in
the limit Rℓ → 0 the T-dual radii go to infinity. This mismatch can be solved by requiring that, in
the T-dual picture, open string still can oscillate in d dimensions, while their endpoints are fixed
on a p + 1-dimensional hyperplane that we call Dp brane. In this scenario open strings satisfy
Dirichlet boundary conditions in the d− p− 1 transverse directions. These are allowed boundary
conditions, as we have already seen in Eq.(2.8), although they destroy the Poincare` invariance of
the theory. In conclusion, in order to avoid a different behavior between the closed and the open
sector of string theory, we must require the action of T-duality on an open string theory to be
that of transforming Neumann boundary conditions into Dirichlet ones. This can, in fact, be very
naturally obtained if we extend the definition of the T-dual coordinate given in Eq.(4.4) to the
open string case. In this way we obtain the following T-dual open string coordinate:
Xˆℓ =
1
2
[
Xℓ− −Xℓ+
]
, (4.8)
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where now the left and right movers contain the same set of oscillators
Xℓ− = q
ℓ + cℓ +
√
2α′(τ − σ)αℓ0 + i
√
2α′
∑
n6=0
αℓn
n
e−in(τ−σ) , (4.9)
and
Xℓ+ = q
ℓ − cℓ +
√
2α′(τ + σ)αℓ0 + i
√
2α′
∑
n6=0
αℓn
n
e−in(τ+σ) , (4.10)
From Eq.s (4.8), (4.9) and (4.10) one can immediately see that T-duality has transformed a string
coordinate satisfying Neumann boundary conditions and given by 1/2
[
Xℓ− +X
ℓ
+
]
into a T-dual
one satisfying Dirichlet boundary conditions and given by Eq.(4.8).
In superstring theory the effect of T-duality on the bosonic coordinates is exactly the same as
discussed for the bosonic string, namely T-duality acts as a parity transformation over the tilded
sector, while for the fermionic coordinates the transformations under T-duality can be fixed by
requiring the superconformal invariance of the theory which imposes
ψ+ → −ψ+ ; ψ− → ψ− , (4.11)
or in terms of the oscillators
ψ˜t → −ψ˜t ; ψt → ψt , (4.12)
We end this section by giving the spectrum of open superstrings having their end-points at-
tached to a Dp-brane. This is given by the following formula:
α′k2|| +
∞∑
n=1
na†n · an +
∑
t
tψ†t · ψt − a = 0 (4.13)
where a = 12 [0] in the NS [R] sector and k|| is the momentum of the string parallel to the brane.
In particular the massless states in the NS sector are given by (ψα−1/2, ψ
i
−1/2)|0, k〉 corresponding
to a gauge boson Aα and to (9 − p) Higgs scalars Φi related to the translational modes of the
brane along the directions transverse to its world-volume. These gauge and scalar fields living on
the world-volume of a Dp-brane become non-abelian transforming all of them according to the
adjoint representation of the gauge group if instead of a single Dp-brane we have a bunch of N
coincident Dp-branes. In this case in fact we get N2 massless states corresponding to the fact that
the open strings can have their end-points on each of the N branes.
5 Boundary State
The interaction between two Dp branes is given by the vacuum fluctuation of an open string
stretching between them. This is similar to what happens in the Casimir effect, where the in-
teraction between two superconducting plates is obtained by computing the vacuum fluctuation
of the electromagnetic field, due to the presence of the boundary plates. Thus Dp brane inter-
action is simply given by the one-loop open string ”free-energy” which is usually represented by
the annulus. Furthermore the same interaction admits a complementary description in the closed
string language. Indeed, by exchanging the variables σ and τ , the one-loop open string amplitude
can also be viewed as a tree diagram of a closed string created from the vacuum, propagating
for a while and then annihilating again into the vacuum. These two equivalent descriptions of
the same diagram are called respectively the ‘open-channel’ and the ‘closed-channel’ and the re-
lation between the two description is called open/closed string duality. We want to stress that
the physical content of the two descriptions is a priori completely different. In the first case we
describe the interaction between two Dp branes as a one-loop amplitude of open strings, which
is the amplitude of a quantum theory of open strings, while in the second case we describe the
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same interaction as a tree-level amplitude of closed strings, which is instead a classical amplitude
in a theory of closed strings. The fact that these two descriptions are equivalent is a consequence
of the conformal symmetry of string theory that allows one to connect the two apriori different
descriptions.
To show that, let us consider a one-loop diagram with an open string circulating in it and
stretching between two parallel Dp branes with coordinates respectively (yp+1, ..., yd−1) and
(wp+1, ..., wd−1). The open string satisfies Neumann boundary conditions along the directions
longitudinal to the branes both at σ = 0 and σ = π
∂σX
α|σ=0,π = 0 α = 0, 1, ...., p , (5.1)
while along the transverse directions one has
X i|σ=0 = yi X i|σ=π = wi i = p+ 1, ..., d− 1 , (5.2)
where we take σ and τ in the two intervals σ ∈ [0, π] and τ ∈ [0, T ]. There is a conformal
transformation acting on the previous open string boundary conditions which transforms them
into the boundary conditions for a closed string propagating between the two Dp branes. In terms
of the complex coordinate ζ ≡ σ + iτ, this transformation reads
ζ = σ + iτ → −iζ = τ − iσ , (5.3)
or equivalently
(σ, τ)→ (τ,−σ) . (5.4)
In order to have the closed string variables σ and τ to vary in the intervals σ ∈ [0, π] and τ ∈ [0, Tˆ ]
one can exploit conformal invariance, once more, performing the following rescaling
σ → π
T
σ τ → π
T
τ , (5.5)
where we have defined
Tˆ = −π2/T . (5.6)
From the previous equations it follows that a loop of an open string propagating through the proper
time T is conformally equivalent to a tree-level amplitude of a closed string which propagates
through the proper time Tˆ ∼ 1/T .
In the closed string channel we need to construct the two boundary states |BX〉 that describe
the two Dp branes respectively at τ = 0 and τ = Tˆ . The equations that characterize these states
are obtained by applying the conformal transformation previously constructed to the boundary
conditions for the open string given in Eq.s (5.1) and (5.2). At τ = 0 we get the following conditions:
∂τX
α|τ=0|BX〉 = 0 α = 0, ..., p , (5.7)
X i|τ=0|BX〉 = yi i = p+ 1, ..., d− 1 . (5.8)
Analogous conditions can be obtained for the Dp brane at τ = Tˆ .
The previous equations can be easily written in terms of the closed string oscillators by making
use of the expansion in Eq.(2.11), obtaining
(ααn + α˜
α
−n)|BX〉 = 0 ; (αin − α˜i−n)|BX〉 = 0 ∀n 6= 0 pˆα|BX〉 = 0 (qˆi − yi)|BX〉 = 0 . (5.9)
Introducing the matrix
Sµν = (ηαβ ,−δij) , (5.10)
it is easy to see that the state satisfying the previous equations is
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|BX〉 = Tp
2
δd−p−1(qˆi − yi)
( ∞∏
n=1
e−
1
n
α−nS·α˜−n
)
|0〉α|0〉α˜|p = 0〉 , (5.11)
where
Tp =
√
π
2
d−10
4
(2π
√
α
′
)
d
2−2−p . (5.12)
The normalization of the boundary state Tp/2 can be fixed by computing the interaction between
two parallel Dp branes both in the open and in the closed string channel and comparing the two
results. See Ref. [2] for details.
In the superstring case, together with the bosonic boundary state |BX〉 one also has a fermionic
component |Bψ〉 which can be constructed by performing the conformal transformation, which
brings from the open to the closed channel, on the boundary conditions for an open superstring
stretching between two Dp branes .
In Eq. (2.16) we have given the fermionic boundary conditions of an open superstring corre-
sponding to the case in which the bosonic degrees of freedom satisfy Neumann boundary conditions
in all directions. If the bosonic coordinate satisfies Dirichlet boundary conditions in some of the
directions, those boundary conditions are changed as follows:{
ψµ−(0, τ) = η1S
µ
νψ+
ν(0, τ)
ψµ−(π, τ) = η2S
µ
νψ+
ν(π, τ)
(5.13)
where the matrix S has been defined in Eq.(5.10). This can be easily understood using T-duality.
Indeed T-duality transforms Neumann into Dirichlet boundary conditions for the bosonic coordi-
nate and, as discussed in sect. 4, changes the sign of the fermionic coordinate in the right sector
leaving that of the left sector unchanged. Moreover we must also give the periodicity or anti peri-
odicity conditions for the fermionic degrees of freedom in going around the loop. These are chosen
to be {
ψ−(σ, 0) = η3ψ−(σ, T )
ψ+(σ, 0) = η4ψ+(σ, T )
(5.14)
where η3 and η4 can take the values ±1. From the boundary conditions in Eq.s (5.13) and (5.14)
we get
ψµ−(0, 0) = η1S
µ
νψ
ν
+(0, 0) = η1η4S
µ
νψ+
ν(0, T ) (5.15)
and
ψµ−(0, 0) = η3ψ
µ
−(0, T ) = η3η1S
µ
νψ+
ν(0, T ) (5.16)
The two set of boundary conditions in Eq.s (5.13) and (5.14) must be consistent with each other,
thus η3 = η4.
In order to pass to the closed string channel, one has to take into account that the right
and left fermionic coordinates ψ− and ψ+ are two-dimensional conformal fields with conformal
weight h = 12 with respect to the variables ζ and ζ¯ respectively and then, under the conformal
transformation (5.3), they transform as
ψ−(ζ)→ ψ′−(ζ) = (−i)
1
2ψ−(f(ζ)) (5.17)
and
ψ+(ζ¯)→ ψ′+(ζ¯) = (i)
1
2ψ+(f¯(ζ¯)) (5.18)
This implies that, performing the previous transformation on Eq.(5.13), there is a relative factor
i appearing between the right and left modes, which transforms the boundary conditions (5.13)
and (5.14) in {
ψµ−(0, σ) = iη1S
µ
νψ
ν
+(0, σ)
ψµ−(Tˆ , σ) = iη2S
µ
νψ
ν
+(Tˆ , σ)
(5.19)
and
22 {
ψµ−(0, τ) = η3ψ
µ
−(π, τ)
ψµ+(0, τ) = η3ψ
µ
+(π, τ)
(5.20)
where we have explicitly put η4 = η3. The identity between η3 and η4, implies that the fermionic
boundary state has only the R-R and the NS-NS sectors. From the first equation in (5.19), one
can derive the overlap Eq.s for the fermionic boundary state:
(ψµ−(0, σ)− iηSµνψν+(0, σ))|Bψ , η〉 = 0 (5.21)
where η = ±1, which, in the case of the NS-NS-sector, are satisfied by
|Bψ, η〉 = −i
∞∏
t=1/2
(
eiηψ−t·S·ψ˜−t
)
|0〉 (5.22)
In the R-R sector the boundary state has the same form as in the NS-NS sector for what the
non-zero modes is concerned, but with integer instead of half-integer modes. We get therefore 4
|Bψ, η〉 = −
∞∏
t=1
eiηψ−t·S·ψ˜−t |Bψ, η〉(0) (5.23)
where the zero mode contribution |Bψ, η〉(0) is given by
|Bψ, η〉(0) =MAB|A〉|B˜〉 (5.24)
with
MAB =
(
CΓ 0...Γ p
1 + iηΓ 11
1 + iη
)
AB
(5.25)
C is the charge conjugation matrix and Γµ are the Dirac Γ matrices in the 10-dimensional space
(see Ref. [10] for some detail about the derivation of Eq.s (5.24) and (5.25)).
The boundary state discussed until now describes only the degrees of freedom corresponding to
the string coordinate X and ψ. In order to have a BRST invariant object we have to supplement
it with a component describing the ghost and superghosts degrees of freedom. The complete
boundary state for both the NS-NS and R-R sectors is given by:
|B, η〉R,NS = |Bmat, η〉|Bg, η〉 (5.26)
where
|Bmat〉 = |BX〉|Bψ, η〉 ; |Bg〉 = |Bgh〉|Bsgh, η〉 (5.27)
The matter part of the boundary state consists of the bosonic component given in Eq.(5.11) and
of the fermionic one given in Eq.(5.22) for the NS-NS sector and in Eq.(5.23) for the R-R sector.
The ghost part |Bg〉 contains the boundary state corresponding to the ghosts (b, c) and the one
corresponding to the superghosts (β, γ). BRST invariance requires that the total boundary state
satisfies the equation
(Q+ Q˜)|B, η〉 = 0 , (5.28)
where the BRST charge has been given in Eq.s (2.70)-(2.75). With some algebra one can show
that the ghosts and superghosts boundary states satisfying Eq.(5.28) are
|Bgh〉 = e
∑
∞
n=1
(c−n b˜−n−b−nc˜−n)
(
c0 + c˜0
2
)
|q = 1〉| ˜q = 1〉 (5.29)
4 The unusual phases introduced in Eq.s (5.22) and (5.23) will turn out to be convenient to study the
couplings of the massless closed string states with a D-brane and to find the correspondence with the
classical D-brane solutions obtained from supergravity. Note that these phases are instead irrelevant
when one computes the interactions between two D-branes.
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where |q = 1〉 is the state that is annihilated by the following oscillators
cn|q = 1〉 = 0 ∀n ≥ 1; ; bm|q = 1〉 = 0 ∀m ≥ 0 . (5.30)
and
|Bsgh, η〉NS = exp
[
iη
∞∑
t=1/2
(γ−tβ˜−t − β−tγ˜−t)
]
|P = −1〉 |P˜ = −1〉 , (5.31)
in the NS sector in the picture (−1,−1) and
|Bsgh, η〉R = exp
[
iη
∞∑
t=1
(γ−tβ˜−t − β−tγ˜−t)
]
|Bsgh, η〉(0)R , (5.32)
in the R sector in the (−1/2,−3/2) picture. The superscript (0) denotes the zero-mode contribution
that, if |P = −1/2〉 |P˜ = −3/2〉 denotes the superghost vacuum that is annihilated by β0 and γ˜0,
and is given by [11]
|Bsgh, η〉(0)R = exp
[
iηγ0β˜0
]
|P = −1/2〉 |P˜ = −3/2〉 . (5.33)
We would like to stress that the boundary states |B〉NS,R are written in a definite picture (P, P˜ )
of the superghost system, where P is given in Eq.(2.83) and P˜ = −2 − P in order to soak up
the anomaly in the superghost number. In particular we have chosen P = −1 in the NS sector
and P = −1/2 in the R sector, even if other choices would have been in principle possible [11].
Since P is half-integer in the R sector, the boundary state |B〉R has always P 6= P˜ , and thus it
can couple only to R-R states in the asymmetric picture (P, P˜ ). Notice that, as we have seen in
section 2 the massless R-R states in the (−1/2,−3/2) picture contain a part that is proportional
to the R-R potentials [12, 7], as opposed to the standard massless R-R states in the symmetric
picture (−1/2,−1/2) that are always proportional to the R-R field strengths. This implies that
the coupling of the boundary state with the R-R fields is expressed in terms of the potentials.
The boundary state in Eq.(5.26) depends on the value of η. Actually the GSO projection
selects a specific combination of the two values of η = ±1. In the NS-NS sector the GSO projected
boundary state is
|B〉NS ≡ 1 + (−1)
F+G
2
1 + (−1)F˜+G˜
2
|B,+〉NS , (5.34)
where F and G are the fermion and superghost number operators
F =
∞∑
m=1/2
ψ−m · ψm − 1 , G = −
∞∑
m=1/2
(γ−mβm + β−mγm) . (5.35)
Their action on the boundary state corresponding to the fermionic coordinate ψ and to the su-
perghosts can easily be computed and one gets:
(−1)F |Bψ, η〉 = −|Bψ,−η〉 ; (−1)F˜ |Bψ, η〉 = −|Bψ,−η〉 (5.36)
(−1)G|Bsgh, η〉 = |Bsgh,−η〉 ; (−1)G˜|Bsgh, η〉 = |Bsgh,−η〉 (5.37)
Using the previous expressions after some simple algebra we get
|B〉NS = 1
2
(
|B,+〉NS − |B,−〉NS
)
(5.38)
Passing to the R-R sector the GSO projected boundary state is
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|B〉R ≡ 1 + (−1)
p(−1)F+G
2
1− (−1)F˜+G˜
2
|B,+〉R . (5.39)
where p is even for Type IIA and odd for Type IIB, and
(−1)F = ψ11(−1)
∞∑
m=1
ψ−m·ψm
, G = −γ0β0 −
∞∑
m=1
[γ−mβm + β−mγm] . (5.40)
From the previous expressions it is easy to see after some calculation that the action of the fermion
number operators is given by:
(−1)F |Bψ , η〉 = (−1)p|Bψ,−η〉 ; (−1)F˜ |Bψ, η〉 = |Bψ,−η〉 (5.41)
and
(−1)G|Bsgh, η〉 = |Bsgh,−η〉 ; (−1)G˜|Bsgh, η〉 = −|Bsgh,−η〉 (5.42)
Using the previous expressions after some straightforward manipulations, one gets
|B〉R = 1
2
(
|B,+〉R + |B,−〉R
)
. (5.43)
6 Interaction Between Dp branes
In this section we study the static interaction between two Dp branes located at a distance y
from each other. Then we will generalize it to the interaction between a Dp and a Dp′ brane, with
NN ≡ min{p, p′}+1 directions common to the brane world-volumes,DD ≡ min{d−p−1, d−p′−1}
directions transverse to both, and ν = (d − NN − DD) directions of mixed type. We will not
consider instantonic D-branes, hence also NN ≥ 1. The two D-branes simply interact via tree-
level exchange of closed strings with propagator
D =
α′
4π
∫
d2zzL0−az¯L˜0−a (6.1)
where a = 1/2 (0) in the NS-NS (R-R) sector. Introducing the two boundary states |B1〉 and |B2〉
describing the two D-branes, the static amplitude is given by
A = 〈B1| D |B2〉 =
T 2p
4
α′
4π
∫
|z|〈1
d2z
|z|2AA
(0) , (6.2)
where we have indicated with A and A(0) respectively the non zero mode and the zero mode
contribution in which the previous amplitude can be factorized. Starting from the non-zero modes
we have to evaluate amplitudes of the form
〈0|〈0˜|
∞∏
m=1
(
e−
1
m
αm·S·α˜m
)
zNα z¯N˜α
∞∏
n=1
(
e−
1
n
α−n·S·α˜−n
)
|0〉|0˜〉 =
with
Nα ≡
∞∑
n=1
α−n · αn ; N˜α ≡
∞∑
n=1
α˜−n · α˜n , (6.3)
for the bosonic degrees of freedom and
〈0|〈0˜|
∞∏
t
(
eiη1ψt·S·ψ˜t
)
zNψ z¯N˜ψ
∞∏
t
(
e−iη2ψ−t·S·ψ˜−t
)
|0〉|0˜〉
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with
Nψ ≡
∑
t
tψ−t · ψt ; N˜ψ ≡
∑
t
tψ˜−t · ψ˜t , (6.4)
for the fermionic ones, where t ≥ 1/2 (1) in the NS-NS (R-R) sector. Using that
zNαeα−nz−Nα = eα−nz
n
and z¯Nαeα−n z¯−Nα = eα−nz¯
n ∀n 6= 0 . (6.5)
and analogous expressions involving fermionic operators, one can explicitly evaluate the contrac-
tions among the oscillators getting the following contributions (for d = 10)
bosons −→
∞∏
n=1
(
1
1− q2n
)8
(6.6)
fermions −→
∞∏
n=1
(
1 + η1η2q
2n−1)8 . (6.7)
with q = |z| = e−πt. Introducing the functions fi defined as
f1 ≡ q 112
∞∏
n=1
(1 − q2n) ; f2 ≡
√
2q
1
12
∞∏
n=1
(1 + q2n) ; (6.8)
f3 ≡ q− 124
∞∏
n=1
(1 + q2n−1) ; f4 ≡ q− 124
∞∏
n=1
(1− q2n−1) , (6.9)
which under the modular transformation t→ 1/t transform as
f1(e
−pi
t ) =
√
tf1(e
−πt) ; f2(e−
pi
t ) = f4(e
−πt) ; f3(e−πt) = f3(e−
pi
t ) , (6.10)
the GSO projected NS-NS amplitude turns out to be
ANS−NS = 1
2
[(
f3
f1
)8
−
(
f4
f1
)8]
, (6.11)
while in the R-R sector, before the GSO projection, we get
AR−R(η1, η2) =
[
1
16
(
f2
f1
)8
δη1η2,1 + δη1η2,−1
]
, (6.12)
Let us discuss now the zero modes contribution. In the NS-NS sector there are zero modes only
in the bosonic sector and they contribute as follows:
〈p = 0|δd⊥(qˆi)|z|α
′
2 pˆ
2
δd⊥(qˆi − yi)|p = 0〉 = Vp+1
∫
dd⊥Q
(2π)d⊥
|z|α
′
2 Q
2
eiQ·y , (6.13)
where the normalization for the momentum has been chosen as
〈k|k′〉 = 2πδ(k − k′) , with (2π)dδd(0) ≡ Vd . (6.14)
Performing the gaussian integral, Eq. (6.13) becomes
Vp+1e
−y2/(2πα′t) (2π2tα′)−d⊥/2 . (6.15)
Inserting it, together with Eq.s (6.11) in Eq.(6.2) we get the total NS-NS contribution to the
interaction between two Dp branes
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ANS−NS =
Vp+1
2
(8π2α′)−
(p+1)
2
∫ ∞
0
dt
t
(9−p)
2
e−y
2/(2α′πt)
[(
f3
f1
)8
−
(
f4
f1
)8]
, (6.16)
The evaluation of the zero mode contribution in the R-R sector requires more care due to the
presence of zero modes both in the fermionic matter fields and the bosonic superghosts. Inserting
Eq. (6.12) into Eq. (6.2) we can write the total R-R contribution as
AR−R(η1, η2) = Vp+1 (8π2α′)−
(p+1)
2
∫ ∞
0
dt
(
1
t
) (9−p)
2
e−y
2/(2πα′t)
×
[
1
16
(
f2
f1
)8
δη1η2,+1 + δη1η2,−1
]
(0)
R 〈B1, η1|B2, η2〉(0)R , (6.17)
where
|B, η〉(0)R = |Bψ, η〉(0)R |Bsgh, η〉(0)R . (6.18)
Notice that in Eq. (6.17) it is essential not to separate the matter and the superghost zero-modes.
In fact, a na¨ıve evaluation of
(0)
R 〈B1, η1|B2, η2〉(0)R would lead to a divergent or ill defined result: after
expanding the exponentials in
(0)
R 〈B1sgh, η1|B2sgh, η2〉(0)R , all the infinite terms with any superghost
number contribute, and yield the divergent sum 1+1+1+ ... if η1η2 = −1, or the alternating sum
1− 1+ 1− ... if η1η2 = 1. This problem has been addressed in Ref. [11] and solved by introducing
a regularization scheme for the pure Neumann case (NN = 10). This method has then been
extended to the most general case with D-branes in Ref. [7]. Here, we give the final result for the
fermionic zero mode part of the R-R sector:
(0)
R 〈B1, η1|B2, η2〉(0)R = −16δη1η2,1 (6.19)
which generalizes to the case of ν 6= 0 as follows
(0)
R 〈B1, η1|B2, η2〉(0)R = −16 δν,0 δη1η2,1 + 16 δν,8 δη1η2,−1 . (6.20)
Then we get the following expression for the R-R contribution
AR−R = Vp+1(8π2α′)−
(p+1)
2 ·
∫ ∞
0
dt
(
1
t
) (9−p)
2
e−y
2/(2πα′t) 1
2
[
−
(
f2
f1
)8]
. (6.21)
Finally the previous amplitudes can be generalized to the interaction between a Dp and a Dp′
brane as follows (details on this generalization can be found in Ref. [7])
ANS−NS = VNN (8π2α′)−
NN
2
∫ ∞
0
dt
(
1
t
)DD
2
e−y
2/(2α′πt)
×1
2
[(
f3
f1
)8−ν (
f4
f2
)ν
−
(
f4
f1
)8−ν (
f3
f2
)ν]
, (6.22)
for the NS-NS sector and
AR−R = VNN (8π2α′)−
NN
2 ·
∫ ∞
0
dt
(
1
t
)DD
2
e−y
2/(2πα′t) 1
2
[
−
(
f2
f1
)8
δν,0 + δν,8
]
. (6.23)
for the R-R sector, where VNN is the common world-volume of the two D-branes.
Due to the “abstruse identity”, the total D-brane amplitude
A = ANS−NS +AR−R (6.24)
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vanishes if ν = 0, 4, 8; these are precisely the configurations of two D-branes which break half of
the supersymmetries of the Type II theory and satisfy the BPS no-force condition.
As we said before, open/closed string duality allows to evaluate the interaction between Dp
branes either in the closed, as we have done before, or in the open channel. The expressions are
of course equal, as one can check performing the modular transformation t→ τ = 1t which brings
from one channel to the other. In this duality it is particulary interesting to understand the spin
structure correspondence between the two computations. Indeed for each spin structure of, for
instance, the open string channel one can find a correspondent spin structure in the closed string
one that gives exactly the same contribution to the free energy. In the open string language the
free energy corresponding to the various spin structures is given by:
Fi =
∫ ∞
0
dτ
τ
T ri
[
e−2πτ(L0−a)
]
(6.25)
where a = 1/2(a = 0) in the NS(R) sector, the index i runs over the four open string spin
structures:
i = NS,NS(−1)F , R,R(−1)F (6.26)
and the factor (−1)F comes from the open string GSO projectors defined in Eq.s (2.42) and (2.43)
for the R and NS sectors respectively, which must be inserted in the trace in Eq.(6.25). On the
other hand the various spin structures in the closed string channel are given by:
Fηη′ = 〈B, η|D|B, η′〉NS−NS,R−R (6.27)
where η, η′ = ±1.
By explicit calculation one gets the contribution of the four spin structures in the open string
channel to be given by:∫ ∞
0
dτ
τ
T rNS
[
e−2πτL0
]
=
VNN
(8π2α′)NN/2
∫ ∞
0
dτ
τ
τ−NN/2eb
2τ/(2πα′)
(
f2(k
f4(k)
)ν (
f3(k)
f1(k)
)8−ν
(6.28)
∫ ∞
0
dτ
τ
T rR
[
e−2πτL0
]
=
VNN
(8π2α′)NN/2
∫ ∞
0
dτ
τ
τ−NN/2eb
2τ/(2πα′)
(
f3(k)
f4(k)
)ν (
f2(k)
f1(k)
)8−ν
(6.29)
∫ ∞
0
dτ
τ
T rNS
[
e−2πτL0(−1)F ] = − VNN
(8π2α′)NN/2
∫ ∞
0
dτ
τ
τ−NN/2e−b
2τ/(2πα′)
(
f4(k)
f1(k)
)8
δν0
(6.30)
∫ ∞
0
dτ
τ
T rR
[
e−2πτL0(−1)F ] = − VNN
(8π2α′)NN/2
∫ ∞
0
dτ
τ
τ−NN/2e−b
2τ/(2πα′)δν8 (6.31)
where
k = e−πτ (6.32)
On the other hand in the closed channel we get
〈B, η|D|B, η〉NS−NS = VNN
(8π2α′)NN/2
∫ ∞
0
dt
t
t1−DD/2e−b
2/(2πα′t)
(
f4(q)
f2(q)
)ν (
f3(q)
f1(q)
)8−ν
(6.33)
〈B, η|D|B,−η〉NS−NS = VNN
(8π2α′)NN/2
∫ ∞
0
dt
t
t1−DD/2e−b
2/(2πα′t)
(
f3(q)
f2(q)
)ν (
f4(q)
f1(q)
)8−ν
(6.34)
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〈B, η|D|B, η〉R−R = − VNN
(8π2α′)NN/2
∫ ∞
0
dt
t
t1−DD/2e−b
2/(2πα′t)
(
f2(q)
f1(q)
)8
δν0 (6.35)
〈B, η|D|B,−η〉R−R = VNN
(8π2α′)NN/2
∫ ∞
0
dt
t
t1−DD/2e−b
2/(2πα′t)δν8 (6.36)
By introducing the variable t = 1/τ and using the transformations properties of the functions
fi, it is easy to show that Eq.s (6.28)-(6.31) are respectively equal to Eq.s (6.33)-(6.36) and
specifically the various spin structures in the open and in the closed string channel are related as
follows
〈B, η|D|B, η〉NS−NS =
∫ ∞
0
dτ
τ
T rNS
[
e−2πτL0
]
(6.37)
〈B, η|D|B,−η〉NS−NS =
∫ ∞
0
dτ
τ
T rR
[
e−2πτL0
]
(6.38)
〈B, η|D|B, η〉R−R =
∫ ∞
0
dτ
τ
T rNS
[
e−2πτL0(−1)F ] (6.39)
〈B, η|D|B,−η〉R−R = −
∫ ∞
0
dτ
τ
T rR
[
e−2πτL0(−1)F ] (6.40)
The GSO projection in the closed string channel is performed by taking the following combi-
nation:
|B〉NS−NS = 1
2
[|B,+〉NS−NS − |B,−〉NS−NS ] (6.41)
in the NS-NS sector and by
|B〉R−R = 1
2
[|B,+〉R−R + |B,−〉R−R] (6.42)
in the R-R sector. Using the previous Eq.s one can easily show that the following identities are
satisfied
NS−NS〈B|D|B〉NS−NS = 1
2
∫ ∞
0
dτ
τ
{
TrNS
[
e−2πτL0
]− TrR [e−2πτL0]} (6.43)
and
R−R〈B|D|B〉R−R = 1
2
∫ ∞
0
dτ
τ
{
TrNS
[
e−2πτL0(−1)F ]− TrR [e−2πτL0(−1)F ]} (6.44)
7 Classical Solutions and Born-Infeld Action From Boundary State
In this section we want to use the boundary state introduced in Sect. (5) and describing Dp branes
in string theory in order to obtain the classical solutions of the low-energy string effective action
discussed in Sect. (3). In particular we will show that the large distance behavior of the graviton,
dilaton and R-R p + 1-form fields that one obtains from the boundary state exactly agrees with
that obtained from the classical solution in sect. 3. Afterwards we will use the boundary state for
computing the one-point couplings of the Dp branes with the massless closed string states and
show that they agree with those obtained from the Born-Infeld action.
To understand how to use the boundary state in order to determine the long distance behavior
of the classical massless fields generated by a Dp brane, we compare the boundary state description
of the interaction between two Dp branes with its field theory counterpart. In the boundary state
language two Dp branes interact via the exchange of a closed string propagator as 〈B1|D|B2〉
where D is the closed string propagator which propagates all the closed string states. But, if the
distance between the two branes is big enough, the dominant contribution to this interaction comes
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from the exchange of the massless closed string states. Thus at large distance we can factorize the
previous amplitude as follows
〈B1|D|B2〉 ∼
∑
Ψ
〈B1|PΨ 〉〈PΨ |D|B2〉 (7.1)
where PΨ runs only over the projectors of the closed superstring massless states.
In the field theory language the interaction between two branes can be expressed as the coupling
of the field generated by one brane with the corresponding current generated by the other brane
or equivalently as the coupling of two current terms, one for each brane, through the appropriate
propagator, summed over all the states Ψ propagating between them:∑
Ψ
J1Ψ · Φ2Ψ ∼
∑
Ψ
∫
J1Ψ ·DΨ · J2Ψ (7.2)
where Φ2Ψ =
∫
DΨ · J2Ψ is the field corresponding to the state Ψ and generated by the brane 2, DΨ
is its propagator and J1Ψ is the current of the brane 1 which is coupled to the field Φ
1
Ψ . In the field
theory language 〈Bi|PΨ 〉 gives exactly the currents J iΨ , as we will discuss later. Thus comparing
Eq. (7.1) with Eq. (7.2) we deduce that the long distance behavior of the classical massless fields
generated by a Dp brane, that we have called ΦΨ , can be determined by computing the projection
of the boundary state along the various fields Ψ after having inserted a closed string propagator
as
ΦΨ = 〈PΨ |D|B〉 (7.3)
Let us apply this procedure for computing the expression for the generic NS-NS massless field
which is given by
Jµν ≡ −1〈0˜|−1〈0|ψν1/2 ψ˜µ1/2|D|B〉NS = −
Tp
2k2⊥
Vp+1S
νµ (7.4)
Specifying the different polarizations corresponding to the various fields (see Refs. [10, 13] for
details) we get
δϕ =
1√
d− 2 (η
µν − kµℓν − kνℓµ)Jµν = d− 2p− 4
2
√
2(d− 2) µp
Vp+1
k2⊥
(7.5)
for the dilaton,
δh˜µν(k) =
1
2
(
Jµν + Jνµ
)
− δϕ√
d− 2 ηµν =
=
√
2µp
Vp+1
k2⊥
diag (−A,A . . . A,B . . . B) , (7.6)
for the graviton, where A and B are given in Eq. (3.17) and
δBµν(k) = 1√
2
(
Jµν − Jνµ
)
= 0 (7.7)
for the antisymmetric tensor. In the R-R sector we get instead
δC01...p(k) ≡ 〈P (C)01···p|D |B〉R = ∓µp
Vp+1
k2⊥
. (7.8)
Expressing the previous fields in configuration space using the following Fourier transform valid
for p < d− 3 ∫
d(p+1)x d(d−p−1)x
eik⊥·x⊥
(d− p− 3) rd−p−3Ωd−p−2 =
Vp+1
k2⊥
, (7.9)
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remembering the expression Qp defined in Eq.(3.24) and rescaling the fields according to
φ =
√
2κϕ , hµν = 2κh˜µν , C01...p =
√
2κC01...p , (7.10)
we get the following large distance behavior
δφ(r) =
d− 2p− 4
2
√
2(d− 2)
Qp
rd−p−3
(7.11)
for the dilaton,
δhµν(r) = 2
Qp
rd−p−3
diag (−A, . . .A,B . . .B) , (7.12)
for the graviton and
δC01...p(r) = ∓ Qp
rd−p−3
(7.13)
for the R-R form potential.
The previous equations reproduce exactly the behavior for r → ∞ of the metric in Eq.(3.15)
and of the R-R potential given in Eq.(3.16). In fact at large distance their fluctuations around
the background values are exactly equal to δhµν and δC01...p. In the case of the dilaton, in order
to find agreement between the boundary state and the classical solution, we have to take d = 10,
consistently with the fact that this is the critical dimension for superstrings.
Let us now discuss how to derive the Born-Infeld action, which describes the low-energy dy-
namics of a Dp brane from the boundary state. First we evaluate the couplings of a Dp brane
with the closed string massless states showing that the structure of those couplings is the same as
that obtained from the Born-Infeld action and actually the comparison with what comes from the
Born-Infeld action allows us to fix the brane tension and charge in terms of the string parameters
α′ and gs.
The coupling of a Dp brane with a specific massless field Ψ can be computed by saturating
the boundary state with the corresponding field 〈Ψ | (〈Ψ | can be 〈Ψh|, 〈ΨB|, 〈Ψϕ| corresponding
respectively to the graviton, antisymmetric tensor and dilaton or 〈C(n)| corresponding to a R-R
state). By proceeding in this way we get the following couplings:
Tϕ ≡ 1
2
√
2
Jµν (ηµν − kµℓν − kνℓµ) ϕ = 1
2
√
2
Vp+1 Tp
d− 2p− 4
2
ϕ ; (7.14)
for the dilaton,
Th ≡ Jµν h˜µν = −Vp+1 Tp ηαβ h˜βα (7.15)
for the graviton,
TB ≡ 1√
2
Jµν Bµν = 0 (7.16)
for the NS-NS 2-form potential and
TC˜n ≡ 〈C˜(n)|B〉R = −
C˜µ1...µn
16
√
2(n)!
Vp+1
Tp
2
2Tr
(
Γµn...µ1Γ 0 . . . Γ p
)
(7.17)
for the R-R states. Computing the trace one gets
TC(p+1) =
√
2Tp
(p+ 1)!
Vp+1 Cα0...αp εα0...αp (7.18)
where we have used the fact that for d = 10 the Γ matrices are 32 × 32 dimensional matrices,
and thus Tr( 1l) = 32. Here εα0...αp indicates the completely antisymmetric tensor on the D brane
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world-volume 5. It can be checked that the previous couplings can be obtained by extracting the
terms linear in the massless closed string states from the following action:
SDBI = −τp
∫
dp+1ξ e−κϕ(3−p)/(2
√
2)
√
− det
[
gαβ +
√
2κB˜αβe)−κφ/
√
2
]
+µp
∫
Vp+1
C˜p+1 . (7.19)
provided that the brane tension and charge are given by
τp =
Tp
κ
=
(2π
√
α′)1−p
2πgsα′
, µp =
√
2Tp =
√
2π(2π
√
α′)3−p , (7.20)
where Tp is given in Eq.(5.12) for d = 10.
In the previous action the closed string fields are canonically normalized while in the super-
gravity actions in Eq.s (3.1) and (3.4) they are not. In order to have in the Born-Infeld action
the massless closed string fields normalized as in Eq.s (3.1) and (3.4) we need to introduce the
following fields: √
2κϕ = φ ,
√
2κC = C ,
√
2κB = B (7.21)
In terms of these new fields the Born-Infeld action becomes:
SBI = −τp
∫
dp+1x e−(3−p)φ/4 ×
√
− det [Gαβ + e−φ/2 (Bαβ + 2πα′Fαβ)]+
+ τp
∫
Vp+1
∑
n
Cne
(2πα′F+B) (7.22)
which has been generalized in order to include also the brane coupling with open string fields.
Actually the dependence of the Born-Infeld action on the open string fields can be explicitly ob-
tained by constructing the boundary state having a gauge field on it and repeating the calculation
just done (see Refs. [2, 13] for details). It is important at this point to stress that the Born-Infeld
action in Eq. (7.22) contains two kinds of very different fields. The first ones are the massless
closed string excitations of the NS-NS and R-R sectors that live in the entire ten-dimensional
space and that enter in the Born-Infeld action through their pullback into the world-volume of
the Dp brane defined by
Gαβ = Gµν∂αx
µ∂βx
ν , Bαβ = Bµν∂αx
µ∂βx
ν (7.23)
with a similar expression for the R-R fields. The second ones are instead the fields corresponding
to the massless open-string states discussed at the end of Sect. 4, that live on the world-volume of
the brane and that are the gauge field Aα with field strength Fαβ and the Higgs fields Φ
i related to
the transverse brane coordinates xi by the relation xi ≡ 2πα′Φi. They play the role of longitudinal
and transverse coordinates of the brane. This is consistent with the fact that the dynamics of the
brane is determined by the open strings having their end-points on the brane. In the case of a
system ofN coincident branes the Born-Infeld action gets modified by the fact that the coordinates
of the branes become non-abelian fields. The complete expression of the non-abelian Born-Infeld
action is not known. But for our purpose it is sufficient to consider the non-abelian extension
given in Ref. [14] where the symmetrized trace is introduced. Moreover it can be shown that a
system of N coincident Dp branes is a BPS state preserving 1/2 supersymmetry (corresponding
to 16 preserved supersymmetries) and as a consequence they are not interacting. This can be
easily seen by plugging the classical solution given in Eq.s (3.15) and (3.16) with d = 10 in the
Born-Infeld action in Eq.(7.22) obtaining the interaction term of the Lagrangian. In fact if we do
that neglecting the coordinates of the brane we get
5 Our convention is that ε0...p = −ε0...p = 1.
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τp
∫
dp+1x
{
−H [(p−7)(p+1)−(p−3)2]/16 + 1
H
− 1
}
= −τp
∫
dp+1x (7.24)
that is independent on the distance r between the brane probe described by the Born-Infeld action
and the system of N coincident branes described by the classical solution.
A system of N Dp branes has a U(N) gauge theory living on its world-volume with 16 super-
symmetries corresponding, in the case of p = 3, to N = 4 super Yang-Mills in four dimensions
that is a conformal invariant theory with vanishing β-function. Its Lagrangian can be obtained by
expanding the first term of the Born-Infeld action up to the quadratic order in the gauge fields
living on the brane. Neglecting the term independent from the gauge fields that we have already
computed in Eq.(7.24) we get the following Lagrangian:
L =
1
g2YM
[
−1
4
FαβF
αβ +
1
2
∂αΦ
i∂αΦi
]
+ . . . (7.25)
where the gauge coupling constant is indeed a constant given by:
g2YM =
2
τp(2πα′)2
=
2gs
√
α′(2π
√
α′)p
(2πα′)2
(7.26)
where the extra factor 2 in the second term comes from the fact that we have normalized the
generators of the SU(N) gauge group according to Eq. (2.98).
In particular for p = 3 we get g2YM = 4πgs. The action in Eq.(7.25) corresponds to the
dimensional reduction of the N = 1 super Yang-Mills in ten dimensions to (p+ 1) dimensions.
The previous considerations imply that the low-energy dynamics of branes can be used to
determine the properties of gauge theories and viceversa.
8 Non conformal Branes
8.1 Generalities and general formulae
In the previous sections we have seen that a D brane has the twofold property of being a solution
of the low-energy string effective action and of having a gauge theory living on its world-volume.
These complementary descriptions of a D brane open the way to study the quantum properties
of the world-volume gauge theory from the classical dynamics of the brane and viceversa. This
goes under the name of gauge/gravity correspondence. At the end of the previous section we have
already used this correspondence to derive the gauge coupling constant of the N = 4 super Yang-
Mills from the supergravity solution. In particular, we have seen that the gauge coupling constant
is not running consistently with the fact that the N = 4 world-volume theory is a conformal
invariant theory. In this section we want to extend these results to more realistic theories that are
less supersymmetric and non conformal. Two kinds of branes have been used to study those gauge
theories, namely fractional branes of some simple orbifold and branes wrapped on some nontrivial
two-cycle of a Calabi-Yau space. As we have done for the D branes previously discussed, we will
first construct the classical solution corresponding to a system of fractional and wrapped D branes
and then insert it in the expressions for the gauge coupling constant and the vacuum angle θYM
of the gauge theory living on their world-volume, expressed in terms of the supergravity fields.
It may at first sight look puzzling that the supergravity solution involving the massless closed
string fields can provide perturbative information on the gauge theory living in the world-volume
of a D brane. In fact, by computing for instance the one-loop annulus diagram in the full string
theory we expect that the perturbative information on the gauge theory living on a D brane be
given by the contribution of the massless open string states that is in general totally different from
that of the massless closed string fields. It turns out, however, as shown explicitly in Ref. [15] for
the case of fractional branes, that in certain cases the contribution of the massless open string
states to the annulus diagram transform under open/closed string duality exactly into that of the
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massless closed string states without any mixing with the massive states. This procedure shows
that in the case of fractional branes the gauge/gravity correspondence follows from open/closed
string duality.
Let us now briefly illustrate how to derive these gauge-gravity relations for the gauge theory
living on fractional D3 and wrapped D5 branes using supergravity calculations. Since also the
fractional D3 branes are D5 branes wrapped on a vanishing two-cycle corresponding to a fixed
point of an orbifold we can start from the Born-Infeld action of a D5 brane that in the string
frame is given by:
S = −τ5
∫
d6ξe−(φ−φ0)
√
− det(Gab +Bab + 2πα′Fab) , τ5 = 1
gs
√
α′(2π
√
α′)5
(8.27)
We divide the 6-dimensional world-volume into four flat directions on which the gauge theory
lives and 2 directions on which the brane is wrapped. Let us denote them with the indices a, b =
(α, β;A,B) where α and β denote the flat four-dimensional ones, while A and B the wrapped ones.
Let us assume that the determinant in Eq. (8.27) factorizes into a product of two determinants;
one corresponding to the four-dimensional flat directions where the gauge theory lives and the
other corresponding to the wrapped ones where we only have the metric and the NS-NS two-form
field. By expanding the first determinant and keeping only the quadratic term in the gauge field
we obtain:
− τ5 · (2πα
′)2
8
∫
d6ξe−(φ−φ0)
√− detGαβGαγGβδFαβFγδ√det (GAB +BAB) (8.28)
We assume that along the flat four-dimensional directions the metric has only the warp factor,
while along the wrapped ones, in addition to the warp factor, there is also a nontrivial metric.
This means that the longitudinal part of the metric can be written as
ds2 = H−1/2
(
dx23,1 + ds
2
2
)
, e(φ−φ0) = H−1/2 (8.29)
where we have also written the dilaton dependence on the warp factor. Inserting this metric in
Eq. (8.28) we see that the warp factor cancels in the Yang-Mills action and from it we can then
extract the gauge coupling constant as the coefficient of − 14FµνFµν :
1
g2YM
= τ5
(2πα′)2
2
∫
d2ξe−(φ−φ0)
√
det (GAB +BAB) (8.30)
This formula is valid for both wrapped and fractional branes of the orbifold C2/Z2 and can be
rewritten as:
4π
g2YM
=
1
gs(2π
√
α′)2
∫
d2ξe−(φ−φ0)
√
det (GAB +BAB) (8.31)
The θ angle in the case of both fractional D3 branes and wrapped D5 branes can be obtained
extracting the coefficient of 132π2Fµν F˜
µν from the Wess-Zumino-Witten part of the Born-Infeld
action and is given by:
θYM = τ5(2πα
′)2(2π)2
∫
C2
(C2 + C0B2) =
1
2πα′gs
∫
C2
(C2 + C0B2) (8.32)
In the following subsections we will consider solutions of the classical equations of ten-
dimensional IIB supergravity and we will insert them in the previously derived expressions for
the gauge couplings obtaining perturbative and non-perturbative information on the gauge theory
living on the world-volume of these branes.
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8.2 Fractional branes
In this subsection we will consider fractional D3 and D7 branes of the orbifolds C2/Z2 and C
3/(Z2×
Z2) in order to study the properties of respectively N = 2 and N = 1 supersymmetric gauge
theories. We group the coordinates of the directions x4, . . . x9 transverse to the world-volume of
the D3 brane where the gauge theory lives, into three complex quantities:
z1 = x
4 + ix5 , z2 = x
6 + ix7 , z3 = x
8 + ix9 (8.33)
In the case of the first orbifold the nontrivial generator h of Z2 acts as
z2 → −z2 , z3 → −z3 (8.34)
while in the case of the second orbifold the three nontrivial generators act as follows on the
transverse coordinates:
h1 ≡ h× 1⇒ z1 → z1 , z2 → −z2, z3 → −z3
h2 ≡ 1× h⇒ z1 → −z1 , z2 → z2, z3 → −z3 (8.35)
h3 ≡ h× h⇒ z1 → −z1 , z2 → −z2, z3 → z3
They are both non compact orbifolds with respectively one and three fixed points at the origin
corresponding to the point z2, z3 = 0 and to the three points z1, z2 = 0, z1, z3 = 0 and z2, z3 = 0.
Each fixed point corresponds to a vanishing 2-cycle. Fractional D3 branes are D5 branes wrapped
on the vanishing two-cycle and therefore are, unlike bulk branes, stuck at the orbifold fixed point.
By consideringN fractional D3 andM (2M) fractional D7 branes of the orbifold C2/Z2 (C
3/(Z2×
Z2)) we are able to study N = 2 (N = 1) super QCD withM hypermultiplets. In order to do that
we need to determine the classical solution corresponding to the previous brane configuration. For
the case of the orbifold C2/Z2 the complete classical solution has been found in Ref. [16]
6. In the
following we write it explicitly for a system of N fractional D3 branes with world-volume along
the directions x0, x1, x2, and x3 and M D7 fractional branes containing the D3 branes in their
world-volume and having the remaining four world-volume directions along the orbifolded ones.
The metric, the 5-form field strength, the axion and the dilaton are given by 7:
ds2 = H−1/2 ηαβ dxαdxβ +H1/2
(
δℓm dx
ℓdxm + e−φδijdxidxj
)
, (8.36)
F˜(5) = d
(
H−1 dx0 ∧ . . . ∧ dx3)+ ∗d (H−1 dx0 ∧ . . . ∧ dx3) , (8.37)
τ ≡ C0 + ie−φ = i
(
1− Mgs
2π
log
z
ǫ
)
, z ≡ x4 + ix5 = ρeiθ (8.38)
where the warp factor H is a function of all coordinates that are transverse to the D3 brane
(x4, . . . x9). The twisted fields are instead given by B2 = ω2b, C2 = ω2c where ω2 is the volume
form corresponding to the vanishing 2-cycle and
be−φ =
(2π
√
α′)2
2
[
1 +
2N −M
π
gs log
ρ
ǫ
]
, c+ C0b = −2πα′θgs(2N −M) (8.39)
It can be seen that the previous solution has a naked singularity of the repulson type at short
distances. But, on the other hand, if we probe it with a brane probe approaching the stack of
branes corresponding to the classical solution from infinity, it can also be seen that the tension of
the probe vanishes at a certain distance from the stack of branes that is larger than that of the
6 See also Refs. [17, 18, 19, 20, 21] and Ref. [22] for a review on fractional branes.
7 We denote with α and β the four directions corresponding to the world-volume of the fractional D3
brane, with ℓ and m those along the four orbifolded directions x6, x7, x8 and x9 and with i and j the
directions x4 and x5 that are transverse to both the D3 and the D7 branes.
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naked singularity. The point where the probe brane becomes tensionless is called in the literature
enhanc¸on [23] and at this point the classical solution cannot be used anymore to describe the stack
of fractional branes.
Now let us exploit the gauge/gravity correspondence to determine the coupling constants of
the world-volume theory from the supergravity solution. In the case of fractional D3 branes of the
orbifold C2/Z2 having only one single vanishing two cycle Eq.(8.31) becomes:
1
g2YM
=
τ5(2πα
′)2
2
∫
C2
e−φB2 =
1
4πgs(2π
√
α′)2
∫
C2
e−φB2 (8.40)
Inserting in Eq.s (8.40) and (8.32) the classical solution we get the following expression for the
gauge coupling constant and the θ angle [16] :
1
g2YM
=
1
8πgs
+
2N −M
8π2
log
ρ
ǫ
, θYM = −θ(2N −M) (8.41)
In the case of an N = 2 supersymmetric theory there is also a complex scalar field Ψ in the gauge
multiplet that we expect to find when deriving the Yang-Mills action from the Born-Infeld one.
In fact in this derivation we get a contribution from the kinetic term of the brane coordinates x4
and x5 that are transverse to the ones on which the branes live and to the orbifolded ones. This
implies that the complex scalar field of the gauge supermultiplet is related to the coordinate z of
supergravity through the following gauge-gravity relation Ψ ∼ z2πα′ . This is a relation between a
quantity of the gauge theory living on the fractional D3 branes and the coordinate z of supergravity.
Such an identification allows one to obtain the gauge theory anomalies from the supergravity
background. In fact, since we know how the anomalous scale and U(1) transformations act on Ψ ,
from the previous gauge-gravity relation we can deduce how they act on z, namely
Ψ → se2iαΨ ⇐⇒ z → se2iαz =⇒ ρ→ sρ , θ → θ + 2α (8.42)
Those transformations do not leave invariant the supergravity background in Eq.s (8.39) and when
we plug it in Eq.s (8.40) and (8.32), they generate the anomalies of the gauge theory living on the
fractional D3 branes. In fact acting with those transformations on Eq.s (8.41) we get:
1
g2YM
→ 1
g2YM
+
2N −M
8π2
log s , θYM → θYM − 2α(2N −M) (8.43)
The first equation implies that the β-function of N = 2 super QCD with M hypermultiplets is
given by:
β(gYM ) = −2N −M
16π2
g3YM (8.44)
while the second one reproduces the chiral U(1) anomaly [24, 25]. In particular, if we choose
α = 2π2(2N−M) , then θYM is shifted by a multiple of 2π. But since θYM is periodic of 2π, this
means that the subgroup Z2(2N−M) is not anomalous in perfect agreement with gauge theory
results.
From Eq.s (8.41) it is easy to compute the combination:
τYM ≡ θYM
2π
+ i
4π
g2YM
= i
2N −M
2π
log
z
ρe
, ρe = ǫe
π/(2N−M)gs (8.45)
where ρǫ is called in the literature the enhanc¸on radius and corresponds in the gauge theory to
the dimensional scale Λ generated by dimensional transmutation. Eq. (8.45) reproduces the per-
turbative moduli space of N = 2 super QCD, but not the instanton corrections. This corresponds
to the fact that the classical solution is reliable for large distances in supergravity corresponding
to short distances in the gauge theory, while it cannot be used below the enhanc¸on radius where
non-perturbative physics is expected to show up.
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Indeed in that corner of the moduli space the effective theory will receive instanton corrections
proportional to powers of the one-instanton action
exp
(
−8π
2
g2
+ iθYM
)
= exp (2πiτYM ) =
(ρe
z
)2N−M
. (8.46)
Thus the instantonic contributions become quite suddenly important near the enhanc¸on radius
|z| = ρe. This means that in order to study non-perturbative effects in the gauge theory we need
to find a classical solution free from enhanc¸ons and naked singularities. In the next section we will
see that this can be done for N = 1 super Yang-Mills that lives in the world-volume of a wrapped
D5 brane described by the Maldacena-Nun˜ez solution. Before passing to this solution let us first
extend the previous results to N = 1 super QCD that can be obtained as a particular case of the
general one studied in Ref. [26]. In this case only the asymptotic behavior for large distances of
the classical solution has been explicitly obtained and this is sufficient for computing the gauge
coupling constant and the θ angle of N = 1 super QCD. As explained in Ref. [26], together with
N fractional D3 branes of the same type, one must also consider two kinds of M fractional D7
branes in order to avoid gauge anomalies
In the case of the orbifold C3/(Z2 × Z2) the gauge coupling constant is related to the super-
gravity solution as follows:
1
g2YM
= τ5
(2πα′)2
4
[
3∑
i=1
∫
C(i)2
e−φB2 − (2π
√
α′)2
]
(8.47)
while the θYM is given by:
θYM = τ5
(2πα′)2
2
(2π)2
3∑
i=1
∫
C(i)2
(C2 + C0B2) (8.48)
Notice that Eq.s (8.47) and (8.48) differ respectively from Eq.s (8.40) and (8.32) by a factor
1/2 in the normalization. This is due to the fact that the projector of this orbifold - which is
P = 1+h1+h2+h34 - has an additional factor 1/2 with respect to the one of the orbifold C2/Z2
(which is P = 1+h2 ). Using the explicit supergravity solution one gets the following expressions for
the gauge coupling constant and the θ angle ( zi = ρie
iθi) [25, 27, 26]:
1
g2YM
=
1
16πgs
+
1
8π2
(
N
3∑
i=1
log
ρi
ǫ
−M log ρ1
ǫ
)
, θYM = −N
3∑
i=1
θi +Mθ1 (8.49)
As explained in Ref. [25, 27] the anomalous scale and U(1) transformations act on zi as zi →
sei2α/3zi. This implies that the gauge parameters are transformed as follows:
1
g2YM
→ 1
g2YM
+
3N −M
8π2
log s , θYM → θYM − 2α
(
N − M
3
)
(8.50)
that reproduce the anomalies of N = 1 super QCD. The difference between the anomalies in
the N = 2 (Eq.(8.43)) and N = 1 (Eq.(8.50)) super QCD can be easily understood in terms
of the different structure of the two orbifolds considered. If we consider the two gauge coupling
constants there is a factor 32 between the contributions coming from the pure gauge part, while
the contribution of the matter is the same. The factor 3 follows from the fact that the orbifold
C3/(Z2 × Z2) has three vanishing two-cycles instead of just one, while the factor 12 from the
additional factor 12 in the orbifold projection for the orbifold C
3/(Z2 × Z2) with respect to the
orbifold C2/Z2. This explains the factor
3
2 in the gauge field contribution to the β-function. The
matter part is the same because in the orbifold C2/Z2 we have only one kind of fractional branes,
while in the other orbifold, in order to cancel the gauge anomaly [26], we need two kinds of
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fractional branes. This factor 2 cancels the factor 12 coming from the orbifold projection. Similar
considerations can also be used to relate the two chiral anomalies.
In conclusion, by using the fractional branes we have reproduced the one-loop perturbative
behavior of both N = 1 and N = 2 super QCD, but, because of the enhanc¸on and naked singu-
larities, we are not able to enter the non-perturbative region in the gauge theory corresponding
to short distances in supergravity. In order to do this we must find a classical solution free of
singularities. That is why in the next section we turn to wrapped branes.
8.3 Wrapped branes and topological twist
In this section we consider D5 branes wrapped on some nontrivial cycle of a Calabi-Yau space and
by means of the topological twist we construct the Maldacena-Nun˜ez solution. The topological
twist acts also on the gauge theory living on the world-volume of the wrapped branes by reducing,
in the case of the Maldacena-Nun˜ez solution, the original N = 4 to an N = 1 supersymmetry. We
show that the gauge theory living on the world-volume of the branes described by the Maldacena-
Nun˜ez solution is N = 1 super Yang-Mills.
If we consider a D5 brane wrapped on some nontrivial cycle of a Calabi-Yau space in general
we break completely supersymmetry because the Killing spinor equation:
DMǫ = (∂M + ωM )ǫ = 0 (8.51)
does not in general admit any non trivial solution. This means that it is not an easy task to find
a classical solution corresponding to a wrapped D5 brane and preserving some supersymmetry
starting directly from the action of 10-dimensional IIB supergravity. As suggested in Ref. [28] it
is much more convenient to start from the action of the 7-dimensional gauged supergravity that
corresponds to the 10-dimensional IIB supergravity on R1,6 × S3. In this way one has an action
that also contains the gauge fields of SO(4), that is the isometry group of S3, and the condition
in Eq.(8.51) becomes:
DM ǫ = (∂M + ωM +AM )ǫ = 0 (8.52)
In this case it is not difficult to keep some supersymmetry with a constant spinor ǫ by requiring
an identification of the spin connection of the two-cycle S2 around which we wrap the D5 brane
with a subgroup U(1) of the gauge group SO(4). This identification is called the topological twist.
In particular, if we write SO(4) = SU(2)L′ × SU(2)R′ , it is possible to see that one can preserve
four supersymmetries corresponding to an N = 1 supersymmetric gauge theory if we identify the
spin connection with a U(1) subgroup of SU(2)L′.
The topological twist acts also on the gauge theory living in the world-volume of the wrapped
brane reducing the states of N = 4 super Yang-Mills to those of a gauge theory with less supersym-
metry. In particular, let us consider a D5 brane wrapped on S2 that breaks the ten-dimensional
Minkowski symmetry into:
SO(1, 9)→ SO(1, 5)× SO(4)R = SO(1, 5)× SU(2)L′ × SU(2)R′ (8.53)
According to this decomposition the vector and the four scalar fields corresponding to the trans-
verse coordinates of the brane, transform as
Aµ → (6; 1, 1) , Φ→ (1; 2, 2) (8.54)
while the fermions transform as follows
Ψ → (4+; 2, 1) + (4−; 1, 2) (8.55)
where the index ± refers to the six-dimensional chirality. Remember that, because of the GSO
projection, the spinor Ψ has a definite (for instance negative) ten-dimensional chirality. This is
consistent with the assignment in Eq.(8.55) because the state (2, 1)[(1, 2)] has negative (positive)
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four-dimensional chirality and the product of the four- and six-dimensional chirality is equal to
the ten-dimensional one. When the brane is wrapped on S2 there is a further breaking:
SO(1, 9)→ SU(2)L × SU(2)R × SO(2)S2 × SU(2)L′ × SU(2)R′ (8.56)
This means that the vector and scalar fields transform as follows:
Aµ → (2, 2; 1; 1, 1) + (1, 1; 2; 1, 1) , Φ→ (1, 1; 1; 2, 2) (8.57)
and the fermions as follows
Ψ → (2, 1;+; 2, 1) + (1, 2;+; 1, 2) + (1, 2;−; 2, 1) + (2, 1;−; 1, 2) (8.58)
where now ± is the chirality in the two-dimensional space spanned by S2. Notice that the product
of the four- and of two-dimensional chirality gives the six-dimensional one.
Let us consider the case in which one of the two SU(2) of the R-symmetry group is broken
into SO(2) and then this SO(2) is identified with SO(2)S2 . This means that:
SU(2)L′ × SU(2)R′ → SO(2)L′ × SU(2)R′ (8.59)
that gives rise to the following decomposition:
(2, 2)→ (+, 2) + (−, 2) , (2, 1)→ (+, 1) + (−, 1) (8.60)
Since the massless states are singlets under the simultaneous action of SO(2)L′ and SO(2)S2 it is
easy to see that we are left only with the following states:
(2, 2; 1; 1, 1) , (2, 1;+;−, 1) , (1, 2;−; +, 1) (8.61)
The first one corresponds to a four-dimensional gauge field, while the other two correspond to a
Majorana spinor. This is the field content of N = 1 super Yang-Mills.
The gauged supergravity action containing only the fields that are turned on is given in
Eq.(2.33) of Ref. [29] and the classical solution is obtained by introducing in the equations of
motion that follow from the gauged supergravity action, the following ansatz for the metric:
ds27 = e
2f(r)
(
dx21,3 + dr
2
)
+
1
λ2
e2g(r) dΩ22 (8.62)
where dx21,3 is the Minkowski metric on IR1,3, r is the transverse coordinate to the domain-wall,
and dΩ22 = dθ˜
2 + sin2 θ˜ dϕ˜2 (with 0 ≤ θ˜ ≤ π and 0 ≤ ϕ˜ ≤ 2π) is the metric of a unit 2-sphere 8.
We also add the following ansatz for the gauge fields of SU(2)L′:
A1 = − 1
2λ
a(r) dθ˜ , A2 =
1
2λ
a(r) sin θ˜ dϕ˜ , A3 = − 1
2λ
cos θ˜ dϕ˜ . (8.63)
The functions a(r), f(r) and g(r) are determined by the classical equations of motion. Actually
we have not turned on only a U(1) gauge field but all three gauge fields of SU(2)L′ in order to
have a solution free from naked singularities at short distances. Having found a classical solution
in 7-dimensional gauged supergravity one can use known formulas [30] that uplift it to a ten-
dimensional solution of IIB supergravity. In this way one gets the following ten-dimensional (string
frame) metric [28, 31]:
ds210 = e
Φ
[
dx21,3 +
e2h
λ2
(
dθ˜2 + sin2 θ˜ dϕ˜2
)]
+
eΦ
λ2
[
dρ2 +
3∑
a=1
(σa − λAa)2
]
, (8.64)
8 Notice that the factor of λ−2 in (8.62) is necessary for dimensional reasons and it turns out to be equal
to λ−2 = Ngsα
′.
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a ten-dimensional dilaton
e2Φ =
sinh 2ρ
2 eh
, (8.65)
and the field strength corresponding to a R-R 2-form given by:
F (3) =
2
λ2
(
σ1 − λA1) ∧ (σ2 − λA2) ∧ (σ3 − λA3)− 1
λ
3∑
a=1
F a ∧ σa . (8.66)
where
e2h = ρ coth 2ρ− ρ
2
sinh2 2ρ
− 1
4
, (8.67)
e2k = eh
sinh 2ρ
2
, (8.68)
a =
2ρ
sinh 2ρ
(8.69)
with ρ ≡ λ r, h ≡ g − f and k ≡ 32f + g. The left-invariant 1-forms of S3 are
σ1 =
1
2
[
cosψ dθ′ + sin θ′ sinψ dφ
]
, σ2 = −1
2
[
sinψ dθ′ − sin θ′ cosψ dφ
]
,
σ3 =
1
2
[
dψ + cos θ′ dφ
]
, (8.70)
with 0 ≤ θ′ ≤ π, 0 ≤ φ ≤ 2π and 0 ≤ ψ ≤ 4π. Using the following formulas:
F a = dAa + λǫabcAb ∧ Ac , dσa = −ǫabcσb ∧ σc (8.71)
it is possible to rewrite Eq.(8.66) as follows
F (3) =
1
λ2
[
2σ1 ∧ σ2 ∧ σ3 + d
(
3∑
a=1
σa ∧ λAa
)]
(8.72)
and from it we can extract C2
C2 =
1
4λ2
[
ψ sin θ′dθ′ ∧ dφ+ 4
3∑
a=1
σa ∧ λAa
]
+ constant (8.73)
that is equal to
C(2) =
1
4λ2
[
ψ
(
sin θ′ dθ′ ∧ dφ− sin θ˜ dθ˜ ∧ dϕ˜
)
− cos θ′ cos θ˜ dφ ∧ dϕ˜
]
+
a
2λ2
[
dθ˜ ∧ σ1 − sin θ˜ dϕ˜ ∧ σ2
]
+ constant (8.74)
when we insert in it the three gauge fields given in Eq. (8.63). In the next section we will use the
Maldacena-Nun˜ez solution for studying the properties of N = 1 super Yang-Mills.
8.4 Gauge couplings from MN solution
In Eq.s (8.31) and (8.32) we wrote the expression of the gauge couplings in terms of the super-
gravity fields both for fractional and wrapped branes. In the case of wrapped branes having B = 0
we see that the warp factor in Eq.(8.31) cancels giving:
40
4π
g2YM
=
1
gs(2π
√
α′)2
∫
d2ξ
√
det GˆAB (8.75)
where with Gˆ we have denoted the metric tensor in the wrapped directions without the warp
factor.
In order to get explicitly the gauge quantities from the supergravity solution we have to identify
the two-cycle. It is clear that in the 7-dimensional gauged supergravity the two-cycle is the one
specified by the coordinates θ˜ and ϕ˜ keeping the other variables fixed. But when we lift the solution
up to ten dimensions there is the topological twist that mixes (θ˜, ϕ˜) with the variables (θ′, φ, ψ)
that describe S3. In the literature two choices for the two-cycle have been done. They are specified
by:
1. (θ˜, ϕ˜) keeping the other variables fixed
2. θ˜ = ±θ′ and ϕ˜ = −φ keeping ρ and ψ fixed
In Ref. [29] the first choice for the two-cycle was made and one found the following expression
for the gauge coupling constant:
4π2
Ng2YM
=
Y (ρ)
4
E
(√
Y (ρ)− 1
Y (ρ)
)
, Y (ρ) = 4ρ coth 2ρ− 1 (8.76)
where
E(x) ≡
∫ π/2
0
dφ
√
1− x2 sin2φ ; (8.77)
is the complete elliptic integral of second kind. Using the properties of the elliptic integral, it is
easy to see that
1
g2YM
≃ N ρ
4π2
for ρ→∞ , (8.78)
1
g2YM
≃ N
32π
for ρ→ 0 . (8.79)
implying that we get asymptotic freedom in the deep ultraviolet. Putting together the ultraviolet
behavior in Eq. (8.78) together with the relation connecting the supergravity variable ρ with the
renormalization group scale µ 9
a(ρ) =
2ρ
sinh 2ρ
=
Λ3
µ3
. (8.80)
allowed the authors of Ref. [29] to get the running coupling constant of N = 1 super Yang-Mills.
In fact from Eq. (8.80) one can easily get:
∂ρ
∂ log(µ/Λ)
=
3
2
[
1
1− (2ρ)−1 + 2 e−4ρ (1− e−4ρ)−1
]
. (8.81)
On the other hand from the ultraviolet behavior in Eq.(8.78) one gets
∂ρ
∂ log(µ/Λ)
= − 8π
2
Ng3YM
β(gYM) (8.82)
where β(gYM) is the β-function. Putting together Eq.s (8.81) and (8.82) we arrive at the following
β-function:
9 The connection between the gaugino condensate and a(ρ) was originally suggested in Ref. [32].
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β(gYM) = −3Ng
3
YM
16π2
1− Ng2YM
8π2
+
2 exp
(
− 16π2
Ng2
YM
)
1− exp
(
− 16π2
Ng2
YM
)
−1 . (8.83)
This is precisely the complete perturbative NSVZ β-function of the pure N = 1 SYM theory with
gauge group SU(N) in the Pauli-Villars regularization [33] with in addition non-perturbative
corrections due to fractional instantons.
This result was questioned in Ref. [34] where it was shown that, if one also includes the first
non leading logarithmic correction, one gets an extra contribution to the β-function that modifies
the one derived in Ref. [33] already at two-loop level. Then, in order to recover the correct two-
loop behavior, it was suggested in Ref. [34] to add in Eq.(8.80) an extra function f(gYM ) of the
coupling constant that can be fixed by requiring agreement with the correct two-loop result. Of
course it turns out that f(gYM ) must be singular at gYM ∼ 0 as the transformation that is needed
in going from the holomorphic to the wilsonian β-function [35]. But in this way the construction
of the NSVZ β-function becomes not so direct and actually rather involved.
Another problem that one encounters with the approach sketched so far is that one gets
different physical properties if one uses a gauge rotated vector field of gauged supergravity in
contradiction with the fact that a gauge transformation cannot change physical properties. This
can be seen as follows. The SU(2) gauge field of 7-dimensional gauged supergravity is not vanishing
but becomes a pure gauge in the deep infrared at ρ = 0. One can, therefore, perform a SU(2) gauge
transformation that transforms it to zero at ρ = 0. In order to perform this gauge transformation
it is convenient to rewrite the gauge field of the Maldacena-Nun˜ez solution as follows:
AMN =
1
2λ
{
(a− 1)
[
σ2 sin θ˜dϕ˜− σ1dθ˜
]
+
[
−σ1dθ˜ + σ2 sin θ˜dϕ˜− σ3 cos θ˜dϕ˜
]}
(8.84)
The first term in the right hand side of the previous equation is vanishing when ρ = 0 because in
this limit a(ρ) becomes equal to 1, while the second term can be written as:
AMN (ρ = 0) = − i
λ
dhh−1 , h = e−iσ
1 θ˜
2 e−iσ
3 ϕ˜
2 (8.85)
It is easy to see that the gauge field in Eq. (8.85) can be gauged to zero by performing the following
gauge transformation:
AMN → A′MN = h−1AMNh+ i
1
λ
h−1dh (8.86)
where h is given in Eq.(8.85). On the other hand acting with the previous gauge transformation
on the entire field in Eq.(8.84) one gets [36]:
A1MN
′ =
1− a
2λ
[
dθ˜ cos ϕ˜− sin ϕ˜ sin θ˜ cos θ˜dϕ˜
]
(8.87)
A2MN
′ = −1− a
2λ
[
dθ˜ sin ϕ˜+ cos ϕ˜ sin θ˜ cos θ˜dϕ˜
]
(8.88)
A3MN
′ =
1− a
2λ
sin2 θ˜dϕ˜ (8.89)
that is manifestly equal to 0 at ρ = 0. We can now use these gauge fields instead of the ones in
Eq.(8.63) in the 10-dimensional solution given in Eq.s (8.64) and (8.73) and we expect that the
physical consequences are not modified. We will see that this is not the case. In fact the term in
Eq.(8.64) for the metric that is important for determining the gauge coupling constant is equal
to:
3∑
i=1
(Ai′)2 =
(a− 1)2
4λ2
[
dθ˜2 + sin2 θ˜dϕ˜
]
(8.90)
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This means that the part of the metric relevant for computing the gauge coupling constant is now
given by:
ds210 = e
Φ
[
dx21,3 +
1
4λ2
(
4e2h + (a− 1)2) (dθ˜2 + sin2 θ˜dϕ˜)]+ . . . (8.91)
and from it one obtains the following gauge coupling constant [36]:
4π2
Ng2YM
= 4e2h + (a− 1)2 = ρ tanh ρ (8.92)
that is totally different from the one obtained in Eq.(8.76) although we have in the two cases used
gauge fields that differ just by a gauge transformation. It has the same ultraviolet behavior as the
expression given in Eq.(8.76) but a totally different infrared behavior, namely
4π2
Ng2YM
∼ ρ . ρ→∞ ; 4π
2
Ng2YM
∼ ρ2 , ρ→ 0 (8.93)
This means that now the gauge coupling constant is divergent for ρ → 0 and the point ρ = 0
corresponds in the gauge theory to the Landau pole. One possible explanation of this mismatch
is that a change of gauge for the gauge fields corresponds in the gauge theory living on the brane
to a change of scheme of renormalization. Moreover this change of scheme must be singular when
gYM is small. But on the other hand, if we compute the vacuum angle θYM after the gauge
transformation one obtains a result that is completely different from that found in Ref. [29].
Inserting in Eq.(8.73) the solution in the new gauge given in Eq.s (8.87), (8.88) and (8.89) we get
C2 =
1
4λ2
{
ψ sin θ′dθ′ ∧ dφ+ 2(1− a)
[
σ1 ∧
(
dθ˜ cos ϕ˜− sin ϕ˜ sin θ˜ cos θ˜dϕ˜
)
+
−σ2 ∧
(
dθ˜ sin ϕ˜+ cos ϕ˜ sin θ˜ cos θ˜dϕ˜
)
+ σ3 ∧ sin2 θ˜dϕ˜
]}
+ const. (8.94)
Using this gauge transformed solution in Eq.(8.32) one gets that θYM is given by
θYM = −Nψ0 (8.95)
instead of being proportional to ψ as found in Ref. [29]. Notice that in the previous equation we
have taken the constant of integration in Eq.(8.94) to be such to give Eq.(8.95).
A natural and elegant way to solve the previous problems is presented in Ref.s [37, 38, 39] and
is based on the observation that the correct cycle, i.e. the one that is topologically nontrivial is
not the cycle chosen in Ref. [29], but the one corresponding to the choice 2 at the beginning of
this section, namely the one specified by:
θ˜ = ±θ′ . ϕ˜ = −φ (8.96)
keeping ρ and ψ fixed. If we now compute the gauge couplings on the cycle specified in the previous
equation we get [37, 38, 39]
4π2
Ng2YM
= ρ coth 2ρ± 1
2
a(ρ) cosψ (8.97)
and
θYM =
1
2πgsα′
∫
C2 = −N (ψ ± a(ρ) sinψ + ψ0) (8.98)
These two Eq.s must be considered together with the relation between ρ and the renormalization
group scale given in Eq. (8.80), which in the following we are going to derive. The derivation of
eq(8.80) is based on the fact that, as for the fractional branes, there is a correspondence between
the symmetries of the classical supergravity solution and those of the gauge theory living on the
43
brane described by the classical solution. If we look at the Maldacena-Nun˜ez solution it is easy to
see that the metric in Eq.(8.64) is invariant under the following transformations:{
ψ → ψ + 2π if a 6= 0
ψ → ψ + 2ǫ if a = 0 (8.99)
where ǫ is an arbitrary constant. On the other hand C2 is not invariant under the previous
transformations but its flux, that is exactly equal to θYM in Eq.(8.98), changes by an integer
multiple of 2π. In fact one gets:
θYM =
1
2πα′gs
∫
C2
C2 → θYM +
{ −2πN , if a 6= 0
−2Nǫ , if a = 0, ǫ = πkN
(8.100)
This changes θYM by a factor 2π times an integer. But since the physics is periodic in θYM under
a transformation θYM → θYM + 2π this means that a change as in Eq.(8.100) is an invariance.
Notice that also Eq.(8.97) for the gauge coupling constant, is invariant under the transformation
in Eq.(8.99). This means that the classical solution and also the gauge couplings are invariant
under the Z2 transformation if a 6= 0, while this symmetry becomes Z2N if a is taken to be zero.
This implies that, since in the ultraviolet a(ρ) is exponentially small, we can neglect it and we
have a Z2N symmetry, while in the infrared where we cannot neglect a(ρ) anymore, we have only a
Z2 symmetry left. It is on the other hand well known that N = 1 super Yang-Mills has a non zero
gaugino condensate < λλ > that is responsible for the breaking of Z2N into Z2. Therefore it is
natural to identify the gaugino condensate with the function a(ρ) that appears in the supergravity
solution:
< λλ >∼ Λ3 = µ3a(ρ) (8.101)
This gives the relation between the renormalization group scale µ and the supergravity space-time
parameter ρ.
In the ultraviolet (large ρ) a(ρ) is exponentially suppressed and in Eq.s (8.97) and (8.98) we
can neglect it obtaining:
4π2
Ng2YM
= ρ coth 2ρ , θYM = −N (ψ + α) (8.102)
The chiral anomaly can be obtained by performing the transformation ψ → ψ + 2ǫ and getting:
θYM → θYM − 2Nǫ (8.103)
This implies that the Z2N transformations corresponding to ǫ =
πk
N are symmetries because they
shift θYM by multiples of 2π.
In general, however, Eq.s (8.97) and (8.98) are only invariant under the Z2 subgroup of Z2N
corresponding to the transformation:
ψ → ψ + 2π (8.104)
that changes θYM in Eq.(8.98) as follows
θYM → θYM − 2Nπ (8.105)
leaving invariant the gaugino condensate:
< λ2 >=
µ3
3Ng2YM
e
− 8pi2
Ng2
YM eiθYM/N (8.106)
Therefore the chiral anomaly and the breaking of Z2N to Z2 are encoded in Eq.s (8.97) and (8.98).
Actually there are N vacua characterized by the value of the phase of the gaugino condensate:
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< λ2 >∼ Λ3e2iπk/N eiθYM (8.107)
that are obtained by a shift of θYM by a factor 2πk as you can see in Eq.(8.106).
Let us turn now to the scale anomaly. It is easy to check that in the ultraviolet (neglecting
a(ρ)) from Eq.s (8.102) and (8.101) one gets the NSVZ β-function. However, having neglected
a(ρ) we cannot trust the contribution of the fractional instanton. On the other hand, if we do
not neglect a(ρ) we get also a dependence on ψ for the gauge coupling constant and this is not
satisfactory. The proposal formulated in Ref. [37] has been to take the cycle that has the minimal
area. This forces ψ to be equal to (2k+ 1)π or 2kπ depending on the sign chosen in Eq.(8.96). In
both cases Eq. (8.97) becomes:
4π2
Ng2YM
= ρ coth 2ρ− 1
2
a(ρ) = ρ tanh ρ (8.108)
precisely as in Eq.(8.92). On the other hand if we insert in Eq.(8.98) the previous values of ψ that
minimize the area of the two-cycle, we get again the result of Eq. (8.95) apart from an irrelevant
additional integer multiple of 2π. This means that the choice of the correct cycle depends on the
gauge chosen for the gauge field of the gauged supergravity [37]. In the gauge where the SU(2)
gauge field is vanishing at ρ = 0, there is no mixing between θ˜, ϕ˜ and the variables describing S3
and in this case the correct cycle to be chosen is the choice 1 at the beginning of this section,
while in the other gauge the correct cycle is the one specified in Eq.(8.96).
This brings us to the two following equations that determine the running of the gauge coupling
constant of N = 1 super Yang-Mills as a function of the renormalization scale µ:
4π2
Ng2YM
= ρ tanh ρ ;
2ρ
sinh 2ρ
=
Λ3
µ3
(8.109)
It is easy to check that they imply the NSVZ β-function plus corrections due to fractional instan-
tons. In fact from the previous two equations after some simple calculation one gets 10:
∂gYM
∂ log µΛ
≡ β(gYM ) = −3Ng
3
YM
16π2
1 + 2ρsinh 2ρ
1− Ng2YM8π2 + 12 sinh2 ρ
(8.110)
This equation is exact and should be used together with the first equation in (8.109) in order to
get the β-function as a function of gYM . It does not seem possible, however, to trade ρ with gYM
in an analytic way. It can be done in the ultraviolet where, from the first equation in (8.109),
it can be seen that ρ can be approximated with ρ = 4π
2
Ng2
YM
coth 4π
2
Ng2
YM
obtaining the following
β-function:
β(gYM ) = −3Ng
3
YM
16π2
1 + 4π
2
Ng2
YM
sinh−2 4π
2
Ng2
YM
1− Ng2YM8π2 + 12 sinh−2 4π
2
Ng2
YM
(8.111)
that is equal to the NSVZ β-function plus non-perturbative corrections due to fractional instan-
tons.
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